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Abstract 

The forms in D-dimensional (half-)maximal supergravity theories are discussed for 3 ^ D ^ 11. 
Superspace methods are used to derive consistent sets of Bianchi identities for all the forms for 
all degrees, and to show that they are soluble and fully compatible with supersymmetry. The 
Bianchi identities determine Lie superalgebras that can be extended to Borcherds superalgebras 
of a special type. It is shown that any Borcherds superalgebra of this type gives the same 
form spectrum, up to an arbitrary degree, as an associated Kac-Moody algebra. For maximal 
supergravity up to D-forrn potentials, this is the very extended Kac-Moody algebra E\\. It 
is also shown how gauging can be carried out in a simple fashion by deforming the Bianchi 
identities by means of a new algebraic element related to the embedding tensor. In this case the 
appropriate extension of the form algebra is a truncated version of the so-called tensor hierarchy 
algebra. 
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1 Introduction 

It has been known for many years that the forms in D-dimensional maximal supergravity theo¬ 
ries, when the duals of the physical forms are included, are associated with algebraic structures 
[1, 2], These structures have been interpreted as subalgebras of Borcherds superalgebras [3, 4] 
and in terms of extended D-series algebras [5, 6, 7, 8, 9, 10, 11, 12, 13]. It has been found 
that there are also (D — l)-form potentials (also called de-fornrs, since they are associated with 
deformations) and D-forms (otherwise known as top forms), both carrying no physical degrees 
of freedom, whose existence is implied by these algebraic structures (these were first written 
down explicitly in D = 10 [14, 15]). In general, the forms transform under representations IZf of 
the duality group of the given supergravity theory where the level number £ coincides with the 
form-degree of the potentials. In a separate, but related, development, studies of the general 
structure of gauged supergravity theories [16, 17, 18, 19, 20, 21, 22, 23, 24, 25] have revealed 
that the same sets of forms are needed in that context (with two exceptions for D = 3) and that 
the gauge transformations of the potentials at level £ involve parameters up to level (Jt+ 1), the 
whole set of forms giving rise to a tensor hierarchy [26, 27, 28]. A key feature of this general 
construction is the use of the embedding tensor that specifies how the gauge group Go is em¬ 
bedded in the duality group G, thereby facilitating a unified description of arbitrary gaugings in 
any given spacetime dimension. The half-maximal matter-coupled supergravity theories, their 
forms, algebras and gaugings have also been discussed in the literature [29, 30, 31, 10]. 

In this article an extended discussion of the above topics is given for all maximal supergravity 
and half-maximal matter-coupled supergravity theories in dimensions D ^ 3. We rederive all of 
the forms in an elementary way and show that they are consistent with supersymmetry at the 
full, non-linear level. This is done using a superspace formulation, thus extending the results of 
[32, 33, 34] to all cases. One advantage of the formalism is that superforms can have arbitrarily 
high degrees; in particular, this means that the algebraic structures associated with them can be 
studied covariantly via the Bianchi identities for the field strengths even for potential forms with 
degree D. Indeed, one can even consider over-the-top (OTT) forms that have degrees higher 
than D. In the context of on-shell supergravity theories without any higher-order corrections 
some (D + 2)-form field strengths are non-zero; these are necessary for the completion of the 
gauge hierarchy in a covariant formalism, and for this reason we also classify these. A second 
advantage of superspace is that one can use cohomological techniques to show that the Bianchi 
identities for all of the forms can all be solved almost, trivially. This gives a very simple way of 
verifying that the forms are indeed consistent with supersymmetry. 

As noted in the original papers [1, 2] the Bianchi identities for the forms give rise directly to 
Lie (super)algebras. In the superspace context these are naturally infinite-dimensional, except 
for D = 11, and in many examples are determined by the level-one forms, together with a level- 
two consistency condition that can be interpreted as the requirement that the level-two Bianchi 
identity be soluble, a question that can be settled by cohomology. This puts a constraint on 
the possible level-two representations in the symmetric tensor product of TZ\ with itself. If we 
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identify level zero ( i.e . the scalars) with the Lie algebra 0 of the duality group, then we can obtain 
the full superalgebra of forms by appending an additional odd generator, eo say, that generates 
1Z\ under the action of the raising operators of 0 and which anti-commutes with itself in order 
that the supersymmetry constraint be satisfied. We can then extend this algebra symmetrically 
about level zero to obtain a Borcherds superalgebra B , where eo and the corresponding generator 
/o at level —1 are associated to an odd null root, added to the simple roots of 0 . 

In maximal supergravity this construction works well for 3 ^ D ^ 8 and we arrive in this 
way at the Borcherds superalgebras proposed in [3, 4], However, ambiguities arise for higher 
dimensions. This brings us to the second main theme of the paper, namely a re-investigation 
of the algebraic structures and their interrelationships. In reference [35] it was shown how 
one could derive Borcherds superalgebras for maximal supergravity theories starting from Eu, 
while in [36], it was shown how to go in the other direction. More recently, it was argued 
in [37] that the Borcherds superalgebras given in [3, 35] for D ^ 8 do not agree with those 
obtained by oxidation from lower dimensions. As we shall discuss, it is also the case that the Lie 
superalgebras determined by the forms do not imply unique Borcherds superalgebras for these 
cases. We address this problem in a unified construction that includes the form algebras, their 
Borcherds extensions and extended Kac-Moody algebras. The key observation is that, in each 
case, the unique Borcherds superalgebra B determined by the Bianchi identities (and, if needed 
for uniqueness, the oxidation procedure) is of a special type. Namely, it can be obtained from 
an associated Kac-Moody algebra A by assigning a non-negative integer, called the V-degree 
[35, 37], to each simple root. As we shall explain, the V-degrees prescribe completely both how 
to construct B from A, and how to extend A to another Kac-Moody algebra C, such that B and 
C give identical form spectra, up to an arbitrary level. If this level is equal to the spacetime 
dimension of a maximal supergravity theory, then C is the “very extended” Kac-Moody algebra 
E\ i. Our construction is thus a further development of the work of [35, 36] relating B and E\\ 
to each other. It also generalises the result of [38], which applies to the generic case described 
above, where one simple root has V-degree one (the odd null root of B), and the others have 
V-degree zero (the simple roots of g). Our result is much more general since we can start with 
not only an arbitrary Kac-Moody algebra A , but also an arbitrary assignment of V-degrees to 
its simple roots. In particular, it is valid for the non-generic cases of maximal and half-maximal 
supergravity that appear for D ^ 9 and D 5= 5, respectively . 1 

The form algebras lead to Borcherds superalgebras by extending them to negative levels in 
a symmetrical fashion, in the sense that level minus one is the dual of level one, but there is 
another extension that does not have this property known as the tensor hierarchy algebra (THA) 
[40]. This algebra is instead symmetrical in the sense of spacetime duality, for example level 
minus one is dual to level (D — 1), and has applications to gauged supergravity theories. We 
shall show that deforming the Bianchi identities by a dimension-one, level-zero field-strength 
(the embedding tensor), invariant under the gauge group (a subgroup of the duality group), has 
a natural interpretation in terms of a truncation of the THA. We discuss the consistent deformed 
Bianchi identities and show how the field strengths can be solved for in terms of potentials by 
using the THA [41]. We also show that the gauged Bianchi identities can be solved to all orders 
and thus prove consistency with supersymmetry. 

1 Another example is chiral supergravity in D = 6 coupled to two vector multiplets and two tensor multiplets, 
recently studied in [39]. 
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The organisation of the paper is as follows: in the next two sections we discuss maximal 
and half-maximal supergravity theories, including all the forms, in a superspace setting. In the 
maximal case we go directly to the on-shell theories but in the half-maximal case we start from 
off-shell formulations of supergravity (partially off-shell in the case of D = 10) and then go on- 
shell by introducing the forms and scalars. This has the advantage of simplifying the discussion 
a little. In these sections we also discuss superspace cohomology and demonstrate how it can 
be used to show that all Bianchi identities are satisfied. Sections 4 and 5 concern the algebras 
that one obtains from the forms and their interpretation in terms of the Borcherds-Kac-Moody 
picture sketched above, while in section 6 we discuss gauged supergravity theories and the role 
of the THA. In the first two appendices we list, up to level i = (D + 1), all the representa¬ 
tions 1Z( for maximal supergravity, and all the Bianchi identities for half-maximal supergravity. 
There are also appendices on Borcherds superalgebras (and the more general contragredient 
Lie superalgebras) and on extended superspaces for some maximal theories. These superspaces 
include additional even coordinates corresponding to the level-one representation TZ\. Since all 
of the forms are generated from this in many cases, formulating the theory in such an extended 
superspace contains all of the forms implicitly. 


2 Forms, consistent Bianchi identities and cohomology in max¬ 
imal supergravity 


In this section we describe a simple approach to the extended algebraic structures that arise 
in maximal supergravity theories based on supersymmetry. In order to make supersymmetry 
manifest we shall work in superspace. A significant advantage of this approach is that forms in 
superspace can have arbitrary degrees, because the odd basis forms commute, and this implies 
that one can work with field-strength forms rather than potentials, even for the top forms for 
which the field strengths are identically zero in spacetime. Moreover, one can in principal have 
potential forms that have degrees greater than the dimension of spacetime. We shall refer to 
these as over-the-top (OTT) forms. Even in supergravity there are examples of OTT potentials 
with degree (D + 1) whose (D + 2)-form field strengths are non-zero in superspace [33, 34], but 
we might expect many more of them to be non-zero when higher-order corrections are taken 
into account. Such forms fit in naturally with Borcherds superalgebras which are typically 
infinite-dimensional in the supergravity context. 


2.1 Maximal supergravity 

We begin with maximal supergravity considering only the on-shell Poincare theories. The su¬ 
pergeometries for these theories are straightforward to construct given their field content. We 
briefly review this to remind the reader how supergravity is presented in superspace. (See, for 
example, [42] for D = 4, N = 8 supergravity and [43, 44] for D = 11.) The basic geometrical 
structure is a choice of odd tangent bundle T\ such that the even tangent bundle To, consid¬ 
ered as a quotient of the tangent bundle T, i.e. Tq = T/T\, is generated from the odd one 
by taking Lie brackets of odd vector fields. This is essentially supersymmetry, for which the 
translation generator is the Lie bracket of two supercharges. In addition, we shall assume that 
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the dimension-zero torsion is the same as it is in flat superspace, 

T af) c = -i(T c ) a0 , (2.1) 

where the indices a, (3 run from 1 to 32 and combine spinor and internal symmetry indices 
according to the dimension of spacetime, and where small latin indices are vector indices. Both 
sets of indices are with respect to preferred frame bases for T\ and Tg . The gamma-matrix 
in (2.1) is in general a product of an appropriate spacetime gamma-matrix and an invariant 
tensor for the internal R-symmetry group, so that the diagonal components of the Lie algebra 
of the structure group should be Lorentzian in the even-even sector and a direct sum of the 
corresponding spin and R-symmetry Lie algebras in the odd-odd sector. In addition we can 
choose the dimension one-half torsion T a p c to vanish. This specifies the dimension one-half 
Lorentz connection and fixes the splitting of the tangent bundle into even and odd, so that 
there is no longer any mixed component in the structure algebra. These two conventional 
constraints do not fix T a p c to be zero immediately, but the remaining irreducible representation 
of the spin group that it contains can be shown to vanish by means of the dimension one- 
half Bianchi identity. Given this, the connection one-form f Ia B and the curvature two-form 
Ra B = cIQa B + Qa C ^c B , both of which take their values in the structure algebra, do not have 
mixed even-odd components. Let E A = ( E a ,E a ) denote a preferred basis of one-forms with 
dual basis Ea- The torsion two-form is T A = DE A := dE A + E b VLb A - The Bianchi identities 
are 

DT a = E b R b A , DR a B = 0 . (2.2) 

Dragon’s theorem [45], valid in D > 3, states that the second set of Bianchi identities is satisfied 
if the first one is and that the components of the curvature can be expressed in terms of those of 
the torsion and derivatives thereof. 2 In order to describe on-shell supergravity we therefore only 
need to specify the components of the torsion tensor. This can be done straightforwardly given 
the spectrum of the theory under consideration and dimensional analysis. Since the torsion 
is gauge-covariant it follows that the non-zero components can only be functions of the field 
strengths. (Any component field strength can always be considered as the leading component 
of a superfield in a ^-expansion.) 

A simple example of this is D = 11 super gravity. 3 The fields are the graviton, the gravitino 
and a three-form gauge field. The corresponding field strengths are the curvature (dimension 
two) the gravitino field-strength (dimension three-halves) and the four-form field-strength which 
has dimension one. The superfield starting with this field will be denoted F a b c d- Since there 
are no fields at dimension one-half it follows that all torsion components are zero or constant 
until we get to dimension one. Moreover, the dimension-one torsion T a b c can be set to zero 
as a conventional constraint corresponding to the dimension-one component of the Lorentz 
connection. Thus we are left with T a /j 7 , which must be linear in F a b c d and, at dimension three- 
halves Tab' 1 ', whose leading component can be identified with the gravitino field-strength. (This 
can be seen from its definition if we make the identification E m a = i^ m a at 0 = 0.) There 
are two possible structures in T a a' y that can contain F a b c d and their relative coefficient can be 

2 In D = 3 there is a set of scalars in the dimension-one curvature transforming as an R-symmetry four-form 
that does not appear in the torsion; this has to be specified in terms of the physical fields on-shell [33, 34]. 

3 In this case the constraint (2.1) is enough to put the theory on-shell [46]. 
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(2.3) 


determined by the Bianchi identities. We find 

TafP = -4( T a Cd )^F abcd + \ {T a bcde )^F bcde . 

The remaining Bianchi identities can be used to determine the gravitino field strength and the 
dimension-two curvature in terms of odd derivatives of F a b C( i , and since the theory is on-shell, 
one also finds the equations of motion for all of the component fields and the Bianchi identity 
for Fabcd. This is a covariant expression, rather than dF = 0, but we can obtain the latter by 
constructing a superspace four-form which obeys this equation. By dimensional analysis the 
only non-zero components can be at dimension zero and one; the latter is just F a ^ C( i while the 
former is 

FatryS = ~ *(F a b)jS ■ (2-4) 

In addition we can introduce a dual six-form potential with its seven-form field-strength obeying 
the Bianchi identity dFy = \Ff. Its non-vanishing components are [47] 


Fabcdeafj ^{^'abcde')a/3 and ^abcde/g | j ^abcdefgijkl F^ 


(2.5) 


2.2 Forms 

Similar analyses can be applied to lower-dimensional maximal supergravity theories. They 
are slightly more complicated due to the presence of dimension-one-half fermions and scalars, 
although the latter cause few difficulties thanks to duality symmetries. The scalars take their 
values in the coset space H\G where G is the rigid duality group and H is the local R-symmetry 
group. Thus the scalars do not appear naked in the torsion and curvature (provided we include 
H in the structure group). 

As well as the torsion and curvature tensors, which are forms that also carry superspace 
indices, there are additional field-strength forms, such as the four- and seven-forms in D = 11, 
that do not. These forms will transform under representations of the duality group when one 
is present. The components of the field-strength forms can be constructed straightforwardly 
using dimensional analysis and the Bianchi identities. A potential form An of degree l has a 
field-strength form F( + \ of degree l+l and there will be a corresponding Bianchi identity In +2 
of degree t + 2. As well as the physical forms and their duals there are additional forms that can 
be generated from them. The way to do this is to look for all potential forms An of degree t such 
that the corresponding field-strength forms F>+i satisfy consistent Bianchi identities (CBIs) In + 2 
of the form 


h+2 '■ = dFn+i — ^ F m+ \F n+ i , (2.6) 

m+n=l 

where consistency means that the set of Bianchi identities forms a differential ideal, 

dl = 0 mod / . (2.7) 

Of course, by solving the Bianchi identities we mean setting the Is to zero, but this is considerably 
simplified if one makes use of the consistency conditions together with superspace cohomology, 
an idea first put forward some years ago [48]. 
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Clearly the higher-degree forms will transform under representations of the duality group if 
the physical ones do. We must also require that each CBI should be soluble. It turns out 
that there is a subset of the physical forms, which we shall call the generating set, from which 
all of the forms can be constructed systematically using the above process, and that the full 
set of CBIs is guaranteed to be satisfied if those for the generating set are. This can be done 
rather easily using superspace cohomology which we shall now briefly describe in order for the 
discussion to be self-contained. 

2.3 Cohomology 

Since the tangent bundle splits into even and odd parts the space of n-forms splits into spaces 
of (p. (/)-forms, p + q = n, where a (p, q) form has p even and q odd indices: 

^ 3 Up ’ q = ~qXq\ E ^ q ''' E ^ E<lV ''' ' (2-8) 

The exterior derivative splits into four terms with different bi-degrees: 

d = do T d\ + to T t\ , (2-9) 

where the bidegrees are (1,0), (0,1), (—1, 2) and (2,-1) respectively. The first two, do and d\, 
are essentially even and odd differential operators, while the other two are algebraic operators 
formed with the dimension-zero and dimension three-halves torsion respectively. In particular, 

(to^p,q)a 2 -a p p 1 -/3 q+ 2 <x 1 • ( 2 - 10 ) 

The equation d? = 0 splits into various parts according to their bi-degrees amongst which one 
has: 


(to) 2 = 0 , (2.11) 

todi + d\to = 0 , (2.12) 

d\ + todo + doto = 0 . (2.13) 

The first of these enables us to define the cohomology groups H p,q , the space of to-closed 

(p, ( 7 )-forms modulo the exact ones [49]. The other two then allow one to define the spinorial 

cohomology groups H p ' q . To do this we first introduce the spinorial derivative d s that maps Hf' q 
to H?’ q+1 by d s [c:= [diUp^q] where the brackets denote cohomology classes in H t . It is easy 
to check, using (2.3), that d s is well-defined, i.e. is independent of the choice of representative 
oj, and that it is nilpotent, d 2 = 0, so that cohomology groups can be defined [50, 51]. The 
cohomology groups Hf' q and Hg' q are related to spaces of pure spinors (suitably defined) and 
pure spinor cohomology respectively [52, 53, 54, 55]. We emphasise that the cohomologies we are 
interested in here are algebraic, rather than topological, in that the coefficients of the cohomology 
groups will be covariant fields of the supergravity theory under consideration. 

When the dimension-zero torsion is flat, Ht cohomology is isomorphic to the cohomology 
of the supersymmetry algebra if ( E a ,E a ) are respectively identified with the translational and 



supersymmetry ghosts and the BRST operator Q with to- Supersymmetry cohomology has been 
discussed in various dimensions in [56, 57, 58, 59] and in the context of H t in [60, 61]. 

In maximal supergravity the to-cohomology groups turn out to be trivial for p ^ 1 when 
D ^ 9, for p 5= 2 when D = 10, and for p ^ 3 when D = 11. Most of these results can 
be derived by dimensional reduction from D = 10 or D = 11. The proof that this is so can 
be found in [61, 59], but we can understand it intuitively by thinking about branes. A scalar 
p-brane, i.e. one without world-volume gauge fields, has a world-volume action with a kinetic 
term and a Wess-Zumino term. The latter is the pull-back of a (p + l)-form potential in the 
target superspace to the world volume. In order for the brane action to be invariant under 
kappa-symmetry, it is necessary that the corresponding (p + 2)-form field-strength be closed 
and non-trivial cohomologically. In a flat background, the only non-zero component of this field 
strength must have dimension zero, i.e. it is the component F Pi2 . This can only be a gamma- 
matrix multiplied by some R-symmetry invariant. For maximal supersymmetry there are just 
two independent possibilities, D = 11 or IIB in D = 10, since the other cases can be obtained 
by dimensional reduction. In D = 11 there is a membrane with F 2.2 ~ ^,2) where T Pi 2 denotes 
a symmetric gamma-matrix with p antisymmetric even indices, while in IIB in D = 10 we have 
two types of string, reflected by the fact that there are two independent F\ .2 involving the 16 x 16 
gamma-matrix 7 a multiplied by two independent two-dimensional euclidean gamma-matrices. 
These (1,2)-forms are to-dosed but not exact. More generally, one can see that fo- c °ho mo l°gy is 
determined by the p-branes in any given dimension for any number of supersymmetries. There 
is thus a close relationship between this cohomology and the brane scan [62]. 

Suppose we have a to-dosed non-trivial gamma matrix T Pi 2 considered as a (p, 2)-form and 
consider a form uj rjS defined by 


u>, 


ai---a ri oti--ais 


= (T V \a r+ i-a p 

V x ai - -a r ---a p ) (0:10:2 o;3---a s ) 5 


(2.14) 


where A is constructed from the fields and r ^ p and s ^ 2. Clearly such an uj is to-closed 
and is not exact, in general. This illustrates how one can build non-trivial cohomology elements 
with the aid of the basic brane gamma-matrices. Note that, after dimensional reduction, the 
f 0 r Pi2 = 0 relation will not be of the same form in general. This explains why there is no to 
cohomology for p > 0 in D < 9 for maximal supergravity. (There is cohomology for p = 1 in 
D = 10 IIA because r a Tn, considered as a (l,2)-form, is to-closed but not exact.) Moreover, 
since one needs a gamma-matrix to construct a non-trivial to-closed form, it is generically the 
case that H^' q = 0 if p ^ 1 and q <2. 


2.4 Solving the Bianchi identities 

The above results, when combined with some simple dimensional analysis, greatly simplify the 
analysis of the CBIs, as we shall now explain. Suppose the dimension of the top (purely even) 
component of an n-form, cu ni o, is k, then the dimension of u; n _ 9i9 is k — q/2. The dimension of the 
top component of a field-strength form Fg + \ q is one, and since there are no fields with negative 
dimensions in supergravity, the only components of a field strength Fg + 1 that can be non-zero 
are Fg- 1,2(0), F^i(l/2) and Fi+i,o(l), where the dimensions are indicated in brackets. For a CBI 
Ig+ 2 , the components that are not identically zero on dimensional grounds are Ig- 2,4 up to Ig+ 2 ,o> 
the former having dimension zero and the latter dimension two. The Bianchi identities for the 
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forms with lowest degree must be gauge-trivial, i.e. have the form dF = 0. For 3 ^ D ^ 9, the 
lowest-degree potentials have l = 1, in D = 10 the forms start at degree one in IIA and two in 
IIB while in D = 11 the forms start at degree three. As we shall see shortly, the only forms with 
canonical dimensions that can have gauge-trivial Bianchi identities are the generating forms. 

Let us consider first the Bianchi identities for the forms of least degree {i.e. 1 = 1) for the 
cases 3 ^ D ^ 9. The Bianchi identity for the two-form field strength is I 3 = dF 2 and is clearly 
consistent as /I 3 = 0. The lowest possible non-zero component of F 2 is Fq 2 which has dimension 
zero and trivially satisfies fo*o ,2 = 0. If it is fo~ exac t it can be set to zero by redefining the 
top component of the connection Apo- Suppose that this is the case, then Ip 2 = U)F\ \, and 
hence setting Ip 2 = 0 implies that F\ \ = 0 by the absence of cohomology, and this in turn 
implies F 2 _q = 0 as well. Indeed, this is a general feature: the possible generating forms all have 
cohomologically non-trivial dimension-zero components. The dimension-one-half component of 
the Bianchi identity, Io, 3 j is d\F q 2 + *o*pi = 0. It allows one to solve for F\ \ but also places a 
constraint on Fo j2 , namely d s [Ib, 2 ] = 0. All of the higher components of the Bianchi identity are 
then automatically satisfied because of the consistency condition. Given that Io ,3 = 0, /I 3 = 0 
implies that foil ,2 = 0, and since /f t i,<? = 0 for D ^ 9, we have Ip 2 = fo</ 2 ,o for some J 2 fi. 
So we only need to set = 0 to get Ip 2 = 0; but the former equation simply allows us 
to solve for F 2 0 in terms of derivatives of Fq 2 and Ipi (as well as the dimension-one torsion 
which appears via do). The remaining components of the Bianchi identity are then trivially 
satisfied. At dimension three-halves, we have I 2.4 , but if the lower-dimensional identities are 
satisfied then to-^ 2,1 = 0 I 2.1 = 0 ; similarly, at dimension two we find that = 0 if all of the 

lower-dimensional identities are satisfied. 

Given that the Bianchi identity for F 2 is satisfied there is one further cohomological obstruc¬ 
tion to be overcome at level two. The Bianchi identity has the form I 4 = dF% — (F 2 ) 2 , and the 
consistency condition is d /4 = 0 if I 3 = 0. The lowest component of 1 4 is /o ,4 and has dimension 
zero, specifically, 

/o,4 = * 0 * 1,2 — * 0 , 2 * 0,2 • (2-15) 

Now * 0 ^ 0,4 = 0, but H j 0,4 need not be trivial. So in order to be able to solve (2.15) when Io ; 4 
is set equal to zero, the second term on the right must be cohomologically trivial to match the 
first one. 

The forms at any level will fall into representations of the duality group which we shall call 
7Z(, so that 7Z 2 must be in the symmetric product of 1Z\ with itself. In general this will give rise 
to several irreducible representations, so that the constraint we arrive at will be on the possible 
U 2 representations for which Io t 4 is soluble, i.e. for which the second term on the right in (2.15) 
is cohomologically trivial. This constraint is often called the supersymmetry constraint. 

The analysis for the higher components of I 4 and all of the higher-degree Bianchi identities is 
straightforward provided the supersymmetry constraint is fulfilled. As described above one can 
apply cohomological methods to the consistency conditions on the Bianchi identities and use 
the fact that there are no fo-cohomological obstructions to show that the remaining identities 
simply allow us to solve for the non-zero components of the field strength forms. In other words 
the only non-trivial Bianchi identity components are /o, 3 , Ip 2 at level one and Iq ,4 at level two. 
All of the higher components for all levels are then satisfied by solving for the dimension-zero, 
one-half and one components of the various field strength forms in terms of those already given, 
i.e. in terms of the supergravity fields. 
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The analysis for IIB in D = 10 is similar [32], In this case the lowest level is two while 
Hf' q = 0 for p ^ 2. When the Bianchi identities for the three-form field-strengths are satisfied 
then all the higher-degree ones can be satisfied by solving for the components of the higher- 
degree forms. There are no further constraints or non-trivial consistency conditions on the fields 
to worry about. A similar situation obtains in D = 11, where the lowest level is three and 
Hf ,q = 0 for p ^ 3. In this case there are only two levels, i = 3 and t = 6 and no duality group. 

For the IIA case the lowest level is one while the Ht cohomology groups vanish for p ^ 2. If 
the Bianchi identity for ly? (a singlet) is satisfied, the Bianchi identity for the next level should 
be I 4 = dFz — F 2 F 2 , with dl± = 0. In this case Fq^ A 0 and is not exact, but it is not difficult to 
show that Fq 2 is not to- exac t. This means that Jo ,4 = 0 cannot be satisfied as it stands and the 
only way out is to allow a constant in front of the Ff? term which is then chosen to vanish, in 
other words, the Bianchi identity for F 3 should also be gauge-trivial, dF% = 0. This is allowed 
because H t ' AO. So in the IIA case there are two generating forms at levels one and two. 
Given that the Bianchi identities for both of these are satisfied one can easily show that those 
for all of the forms generated from them are as well and that their components are specified by 
them [63]. 

To conclude this section we give two examples for which the superspace method can be used 
straightforwardly to find the representations of the forms including some of the OTT ones. 

2.5 Examples 

In this subsection we explicitly work out the form representations for two examples, IIB su¬ 
pergravity in D = 10 and D = 3, N = 16 supergravity. In the first case the duality group is 
SL( 2,M), which is rather easy to work with, so that the problem is tractable by hand. This 
example allows us to demonstrate explicit agreement with the Borcherds algebra predictions for 
the form representations and their multiplicities even beyond the spacetime limit. In the second 
case the duality group is Eg, and the dimensionalities of the representations rapidly become 
rather large with increasing form degree. On the other hand, we only need to go up to level four 
to accommodate all the forms with non-vanishing field strengths in supergravity. 


D = 10 IIB 

For IIB the generating forms are two-forms in the doublet representation of SL( 2,M); the 
corresponding field strengths are a doublet F 3 . The superspace formulation of the theory 
was given in [64], the dual physical forms were added in [65, 66 ] and the components of the full 
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set of field strengths up to degree eleven were written down in [67]; the CBIs are 


dFf 1 = 0 , 

dF 5 = emxF^F* , 
dF 7 M = F.^F 5 , 
dF MM = F ( m F W ; 

d F y^ F'P = F ^-^ p-F'P') 

dFtf = emvF^F™ + \f 5 F 7 m . (2.16) 

It is rather simple to see that these equations are indeed consistent. It is also easy to explicitly 
work out the first few OTT forms [32], For l = 12 we find three possible representations, 

jrpMAfVQ _ cX-M pAf'PQ) 

“^13 “ r 3 mi > 

dFg* = e pq F^F^ MM + ^ M F$ + ^F 5 F 9 MM , 
dF 13 = emnF^F* + ^E MM F 7 M Fy , (2.17) 

and only a little work has to be done to fix the coefficients by consistency. At £ = 14 we find 
that there are again three possible representations, but that this time there are degeneracies, 

dpMN'PQ.'R. _ pATVQTZ) 

dpMM'P = a£ Q nF®F$ MMv + bF^ M F^ r) + cF 5 F^ Mv + dF^ M F^ V) , 

dFg = eEuvF^F™ + fF^F l3 + gF 5 Ftf + h€ MP F^F^ M . (2.18) 

At first sight it looks as if there can be four fifteen-form field strengths in both the quadruplet 
and doublet representations, but the consistency conditions imply that there are only two of 
each. Note that, although the thirteen-form field strengths are identically zero in supergravity, 
not all of the forms in the bilinear terms on the right-hand sides of (2.17) are because (F a i ? )io ,4 
has dimension zero, so that it is not entirely trivial that these Bianchi identities are satisfied. 
In fact, this is the case, by the cohomological argument that we have discussed above. 

The above results are summarised in the table below, where the numbers in brackets denote 
multiplicities. The representations and degeneracies agree with those computed for the positive 
roots of a Borcherds superalgebra known as the Slansky algebra. This algebra appeared in the 
physics literature some time ago in a different context [ 68 ], and was discussed in the supergravity 
context in [3, 35]. 
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Level k 

Form degree £ = 2k 

51(2) representation(s) 

1 

2 

2 

2 

4 

1 

3 

6 

2 

4 

8 

3 

5 

10 

4+2 

6 

12 

5+3+1 

7 

14 

6+4(2)+2(2) 


D = 3 

The forms for D = 3 maximal supergravity were discussed in a superspace setting in [34], 
up to level four, but some representations that did not appear in gauged supergravity were 
omitted. We include them here for completeness and also because this is another case that can 
be computed by elementary means using the CBIs. At level one we have the generating forms in 
the adjoint (248) of e§ and at level two there are three representations in the two-fold symmetric 
product of the adjoint, 1 + 3875 + 27000. The last of these is excluded by the supersymmetry 
constraint because the Bianchi identity 


I 4 = (IF 3 — (F 2 F 2 ) (2-19) 

has no solution for the (0,4) component if the right-hand side is in the 27000 representation. To 
make this clearer we write out /o ,4 explicitly using a = 1,2 for spinor indices and i = 1 ,..., 16 
for internal *S'0( 16) vector indices (a — * ai). We have to-^ 1,2 = ^ 0 , 2 ^ 0,2 or 

i$i 3 (7 )ct/3Fa^kSl = F a ipjFrykfii , (2.20) 

where total symmetrisation over the four spinor-index pairs is understood. Now since To ,2 and 
F\ 2 can only contain scalar fields we must have 

-k'aifij ~ F/j and F aa ipj ~ {p(a)otpGij (2.21) 

where F^j is antisymmetric and Gjj is symmetric. Of course, these objects also carry ts indices 
which can be projected onto SO (16) representations, only the tensorial ones being relevant in this 
case. Now the 27000 representation contains an SO (16) representation that has the symmetries 
of the Weyl tensor. This object does not drop out of the right-hand side of (2.20) when one 
symmetrises over the joint indices, but clearly cannot be contained on the left. Thus we con¬ 
clude that this representation is not allowed. On the other hand, the 3875 contains the 1820 
representation of S0(16). This is totally skew on four vector indices. But since the right-hand 
side of ( 2 . 20 ) must be totally symmetric on the four joint era-type indices it follows that the 
two-component spinor indices must be totally antisymmetric. Hence this representation drops 
out of the Bianchi identity implying that the 3875 representation is indeed allowed at level two. 

The possible representations at level three will be contained in the tensor product 

248 0(1 + 3875) = 248 + 3875 + 147250 . (2.22) 
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The 248 was left out of the discussion given in [34] because the gauged models were restricted to 
those with the embedding tensor in the 3875, but it is allowed as has been pointed out elsewhere 
[27]. The Bianchi identity is 

dFf 1 = aF^ MM) F 2M + bF 3 Ff 1 , (2.23) 

where (AiAf) denotes the symmetrised product of two 248 representations projected onto the 
3875, and a, b are constants. Since dF 3 ~ F 2 F 2 , applying d to (2.23) yields the symmetrised 
product of three 248s projected onto the 248 from both terms on the right-hand side. As the 
248 appears only once in this triple product it follows that there is a unique choice of constants 
(up to an overall scale that can be absorbed into F^ 1 ) such that (2.23) is consistent. The non¬ 
zero components of all of the forms up to level four, except for this one, were given in [34], For 
F^ the possible non-zero components are F 2 2 and T 31 , since F 40 is identically zero. We have 

- F&kSl ~ (7 'abhsFtf , (2.24) 

where Fj is symmetric on kl. But the 248 branches into 120 + 128 in 50(16), so F^ = 0. On 
the other hand, at dimension one-half we have 

F 3 M i - F^csi ~ e abc ('Z l ) IJ 'A S J>V I M , (2.25) 

where 1,1' are 50(16) Weyl spinor indices, both running over 128 values, A a p is the physical 
spinor field, and Vis the matrix of scalar fields projected onto the spinor representation. 
(The other component is Vij M in the 120 of 50(16).) 

At level four the possible representations are in the tensor product of the 248 with the 
level-three representations, or in the antisymmetric product of two level-two representations, 
corresponding to the Bianchi identities dF$ = F 2 F 4 + F 3 F 3 . After a little group theory, and 
taking the consistency conditions into account, we find that the allowed representations at level 
four are 


248(2) + 3875 + 30380(2) + 147250 + 779247 + 6696000 , (2.26) 

where the numbers in brackets denote the degeneracies. 

We shall not give explicit details of the forms in the other maximal theories here, i.e. for 
3 < D < 10, but the representations (up to level D + 1) are tabulated in appendix A. However, 
since for these cases F[f’ q = 0 unless p = 0, it follows that solving the level-one and -two 
identities, (in fact, it is only necessary to solve Io, 3 ,Ii ,2 and Iq^), means that all the higher ones 
are automatically guaranteed to be consistent and soluble by the general arguments we have 
given . 4 


3 Half-maximal supergravity theories 

3.1 Supergravity and vector multiplets 

In this section we study half-maximal supergravity coupled to vector supermultiplets in dimen¬ 
sions three to ten. This topic was studied in components in [10], but here we give a slightly 

4 The level-two forms in D = 4, which transform under the 133 of C 7 , were given explicitly in [69]. 
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different approach based on the superspace formalism. The models we discuss are N = 1, D = 10 
supergravity coupled to n vector multiplets and the lower-dimensional ones obtained from this 
by dimensional reduction . 5 In D = 10 — k dimensions, k ^ 5, the physical bosonic component 
fields consist of the graviton, the dilaton, a two-form gauge field, n + 2 k vectors (of which k be¬ 
long to the supergravity multiplet) and k(n + k) scalars. The duality group is M + x SO(k, n + k ) 
and the scalars belong to the coset with isometry group SO(k) x SO(n + k), where the former 
is the local R-symmetry group factor of the superspace structure group. In D = 4 dimensions 
the two-form can be dualised to another scalar so that there is an extra SL( 2, R) factor in the 
duality group (but on the other hand no M + factor), with this scalar and the dilaton in the coset 
U(1)\SL(2,M). In D = 3 dimensions the vectors can be dualised to scalars so that we have 
8 (n + 8 ) of them in the coset (50(8) x SO(n + 8))\SO(8,n + 8 ). The special case of D = 66, 
where the vector multiplets are replaced by tensors, is not derivable from D = 10 and needs a 
separate treatment (see section 3.5 below ). 6 

One way of thinking about the on-shell theory is to start from an off-shell supergravity 
multiplet with 128 + 128 components [70, 71]. This multiplet is dual to a supercurrent multiplet 
which is conformal in D = 4 [72] but not in higher dimensions [73, 74]. It is, however, local, 
except in D = 10 [75, 76]. In D = 10 the supergravity multiplet consists of the graviton, a 
six-form gauge field (dual to the two-form potential) and the gravitino, with constraints on the 
curvature scalar and the spin-one-half part of the gravitino field-strength (and therefore not fully 
off-shell, but in the D = 10 case only). For 5 ^ D ^ 9 the off-shell bosons consist of the graviton, 
a set of non-abelian SO(k) gauge fields and a (D — 4)-form potential (dual to the supergravity 
two-form), together with some auxiliary scalars, Sjjk = S[UK ], totally antisymmetric on the 
SO(k) vector indices, and a set of antisymmetric tensors N ab i = N[ ab ]j at dimension one, as 
well as dimension-two scalar fields Cjj which are symmetric and traceless. The fermions are the 
gravitino and a set of (k — 1) sixteen-component dimension-three-halves spinors. This multiplet 
does not contain the dilaton, the physical two-form or the dilatino which are therefore introduced 
via the form sector of the theory. Note that the absence of the dilaton and the dilatino implies 
that the dimension-zero torsion is flat and that the dimension one-half torsion is zero, a situation 
that can be maintained when we go on-shell. In D = 4, since the gravitino is superconformal, 
there are also four dimension-one-half spinors [77]. In D = 3 it is also possible to use an off-shell 
superconformal multiplet in the supergravity sector [78, 79, 80, 33]. 

The strategy is to go on-shell by introducing the scalars, vectors and higher-degree form 
fields and by imposing suitable constraints on the components of the field-strength forms'. The 
dilaton appears in the dimension-zero component of the three-form field-strength (F 12 ) dual to 
the ( D — 3)-form field-strength in the off-shell multiplet. The dimension-zero component of the 
latter is an appropriate gamma-matrix but contains no dilatonic factor in this approach; this 
corresponds to choosing a brane-frame rather than the string or Einstein frames 8 . The non- 

5 We can take n > — k in D = 10 — k dimensions, D ^ 4 and n ^ —8 in D = 3. From an algebraic point of 
view the special cases are those for which the duality algebra 50(k, n + k) is split. We shall discuss this further 
in section 4. 

6 Following [10] we use the notation 60 and 66 for the supergravity theories with (1,1) and (2,0) supersymmetry 
in six dimensions. 

7 There is an extensive literature on on-shcll N = 1, D = 10 supergravity in superspace. See, for example, 
[81, 49, 82] and for more recent reviews [83, 84]. 

8 For example, in D = 10 the six-form potential couples to a five-brane whose seven-form field-strength has 
. 65,2 = —*F 5 , 2 , whereas the string frame would have Fi ,2 = — iFi^- 
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dilatonic scalars (for D > 4) are taken to belong to the coset ( SO(k ) x SO(n + k))\SO(k , n + k). 
Let V_a M = denote the matrix of scalar fields in the vector representation of 

SO(k,n + k ), where I and I' are respectively SO(k) and SO(k + n) vector indices, and M is a 
vector index for SO(k,n + k). As usual, we define 

dW~ 1 =P + Q, (3.1) 

where Q is a composite connection taking its values in so(k) ®S0(ro + k) and P takes its values 
in the quotient algebra. The Maurer-Cartan equation gives 

R + DP = ~P a P , (3.2) 

where R is the so(k) ®S0(ro + k) curvature, D is the SO(k) ®£0(n + k) covariant derivative 
with connection Q, and where SO(k ) is identified with the R-symmetry part of the superspace 
structure algebra. The right-hand side takes its values in so(k) ®S0(n + k ), so DP = 0. In 
indices we write P IJ . There is a constraint on P at dimension one-half that reads 

PaJK' = ( P‘JP)aK' , (3-3) 

where £ j is a suitable spin matrix, a is a sixteen-component spinor index and where we have not 
explicitly exhibited the SO(k ) spinor indices. The spinors p belong to the vector multiplets. It 
follows from this and from (3.2) that the dimension-one SO(k ) curvature components are deter¬ 
mined as bilinears in these fermions. In particular, this allows us to solve for the dimension-one 
auxiliary fields in terms of the physical ones. This is turn will determine the higher-dimensional 
auxiliaries on-shell. 

3.2 Forms 

The basic field-strength forms are those for the vector multiplets, , and the ( D — 3)-form, 
Fd- 3 , that appears in the off-shell supergravity multiplet. Their duals are the three-form field 
strength, T® of the supergravity two-form potential and the duals of the vector fields, F ^_ 2 . 
This set of forms generates all the rest, although we know that there must be forms, Tr_ i and 
Fff-l] dual to the scalars in the 1+0 representations of the duality group. 

The basic Bianchi identities are, for D > 4: 

dF™ = 0 , dF 3 = F 2 -F 2 , 

dF D _ 3 = 0 , dF%l 2 = F d _ 3 Ff 1 . (3.4) 

We then find that the (D — l)-form field strengths Bianchis (i.e. level (D — 2)) are, as expected, 

dFo -i = Fd- 2 • F 2 - Fd~ 3 F 3 , 

dF MP = 2F [ ^ 2 F? ]1 • (3.5) 

The details of the higher-level forms vary slightly with dimension, but they are all fixed by the 
basic Bianchi identities (3.4) above. At level (D — 1) we have 

dFtf = Fg^Fw - F^. 2 F 3 + Fd-xF.^ , 

dF fc 1A/T = 3 F^F 2 ] , (3.6) 
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at level D 


dFo+i = F ^ 1 F?m ~ Fo-\F :i , 

dFgtf = F% lMv F 2V + 2 F^Fp - Fg*.F 3 , 

dF^VQ = 4 F [MATV F Q] , ( 3 . 7 ) 

and at level (D + 1), 

dF & 2 = Fg*F m + F D+l F 0 M - F^F 3 , 

dFg$ v = Fg* VQ F 2Q + 3 F [ ^Fp - F^ Nv F 3 , 

dF^ VQn = 5F l ^ 4 MVQ F^ ] . (3.8) 

This last set of forms is over the top, but not all of them are necessarily zero in supergravity. 
The dimension-zero component of a (D + 2)-form is Fjj 2 and has to be of the form of a spacetime 
epsilon tensor multiplied by a symmetric 16 x 16 matrix that carries no spacetime vector indices. 
The R-symmetry factor in this must match the index of the form. As a simple example, consider 
F^j in D = 9. The non-zero component is Fg 2 ~ £ 9 ^ 0,2 Vi - ^, where To, 2 is symmetric. 

The forms in D = 7,6a, 5 consist of the above sets together with some additional ones which 
we now describe. In D = 6a, 7 there are extra forms at level (D — 1) given by Bianchi identities 
dF^f = Ffj_ 3 Fp 1 _ 2 and dFp = Fo- 3 Ffj ^ 3 respectively. These correspond to deformations of 
type p = 2 and p = 3 in the nomenclature of [10]. For example, in D = 7 we have Td -3 = F 4 
and it is clear that F 4 F 4 is closed. But it is also exact as one can see by using cohomology. This 
means that the super seven-form L 7 = Ff — A 3 F 4 , where F 4 = dA 3 , is closed and so determines, 
via the ectoplasm formalism [85, 86], a superinvariant given as the integral over spacetime of 
the top component of L 7 in a coordinate basis. This has dimension one and so gives rise to a 
massive deformation if we include a mass parameter in L 7 . In D = 6 a the new six-form leads 
to a possible deformation of type p = 2 where a two-form acquires mass. Both types of term 
affect the higher-degree forms but do not change the cohomological argument given above for 
solubility of the complete set of Bianchi identities. In fact, terms of this type also exist in higher 
dimension but they are over the top; they occur at level (D + 1) in D = 8 ,9 and level (D + 3) 
in D = 10. 

In D = 5, Fjj -2 is another two-form, so that in this case all of the forms are generated from 
the level-one forms. The same is true in D = 4 and D = 3. In the former case vectors are in the 
representation (2,m) of the duality group while in D = 3 the scalars and vectors are dual to each 
other. This implies that the level-one forms can be taken to be in the adjoint representation of 
50(8, 8 + n), i.e. 0. 

We give all of the forms and their Bianchi identities, for D > 3 up to level (D + 1), and for 
D = 3 up to level D, in Appendix B. 

3.3 Half-maximal cohomology 

In order to analyse the Bianchi identities we shall need the cohomology for half-maximal super¬ 
spaces which we now briefly review following [55]. 
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In N = 1, D = 10 superspace, with the dimension-zero torsion taking the same form as in 
flat superspace, the H^’ q groups are more complicated than in the maximal case due to the fact 
that there is both a string and a five-brane. There are therefore non-trivial groups for p ^ 5. 
The ones associated with the five-brane are given by 

Hf' q = #T 2 (A 5 - p 7o) , p e { 1 , 2 ,3,4,5}, q> 2 , (3.9) 

while the ones associated with the string are H^’ 1 , which can be identified with sections of the 
odd tangent bundle, and H^ 2 which is given by functions. In addition, H®’ q := H q is just 
the usual space of q- th rank pure spinors. The notation H q 2 (A 5 ~ p To) denotes the space of 
(0, q — 2)-forms taking their values in A 5 ~ p Tq, where To is the even tangent bundle, modulo two 
equivalences. The first is just the action of to with respect to the (q — 2) spinor indices, while 
the second is given by an operation that we describe below. These spaces can be presented in 
terms of irreducible representations of the Lorentz group [60]. 

Informally, these results can be understood as follows. For the string, the associated gamma- 
nratrix is Ti^, the symmetric 16 x 16 matrix with one vector index considered as a (l, 2 )-form. 
Clearly this can only lead to cohomology with p = 1. The space H ]' 1 consists of elements of the 
form 

Ua/3 = (r a )a/3A /3 . (3.10) 

Clearly such a (1, l)-form is to-closed, using the identity tori ,2 = 0, because the latter can be 
written with explicit symmetrisation over only three of the spinor indices, but it is not exact. 
A non-trivial element of H t ’ just has the form Ti 2 / where / is any function, as one can easily 
check. It might be thought that one could define non-trivial groups in a similar fashion for 
q > 2, but this is not the case because tori, 2 = 0. For example, a three-form 04,3 = ri,2Ao,i is 
certainly closed but can be rewritten as f 0 / 02,1 where p a b 7 ~ (r a &A) 7 . 

The five-brane is associated with the symmetric five-index matrix r5,2 which can be considered 
as a (5, 2)-form. A to-closed (p,q)- form, for 1 ^ p ^ 5, can be written oo Ptq = Ts^Aq”^ where 
the notation indicates that the upper indices on A are even and are to be contracted with indices 
on the gamma-matrix, while the lower indices are purely odd. If we change A by todi* 7 /- 4 , *- e - 
ignoring the upper indices on A, then uj P)q will change by a to term. We can also change A by a 
term of the form i. Ta 5 ~ p] )a q h which will also change lo pa by a to factor (see [55] for 

more details). 

For D < 10 there are no strings with sixteen supersymmetries, so the cohomology can be 
obtained by dimensional reduction from the five-brane sector. In 5 ^ D ^ 10 dimensions the 
non-zero cohomology groups are Hf’ q for p ^ (D — 5), and q > 1 if p > 0. For D ^ 5 we only 
have Ht' q which is similar to the maximal case for D ^ 9. 

3.4 Solving the Bianchi identities 

In this subsection we shall show that all of the consistent Bianchi identities can be solved with 
the aid of cohomology. This means that the complete sets of forms for all half-maximal theories 
are compatible with supersymmetry. Since zero is the lowest dimension for which a Bianchi 
identity component can be non-zero in supergravity, the highest level at which there is a non¬ 
trivial Bianchi component is t = D — 3, for D ^ 5; it is Id- 5 , 4 - Beyond this level, the Bianchi 
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identities, provided they are consistent, will automatically be soluble as we saw in the maximal 
case. 

To illustrate this we consider the case D = 10. The non-trivial Bianchi identity components 
are 


t = 

1 

h ■ 


o 1 

CO 

7l,2 

£ = 

2 

h : 

7o.4 

/l,3 

h ,2 

l = 

3 

h : 

Fa 

^2,3 

h ,2 
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4 

h ■ 

I 24 


h ,2 
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CO 

h,3 

75,2 
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where the columns correspond to dimension zero, one-half and one respectively. 

At level one the Bianchi identities function in the same way as they do for SYM. has to 
be zero as it does not contain a Lorentz scalar; Jo ,3 requires F^ to be to-closed, but not exact 
(otherwise it could be redefined away), which is where the cohomology group H ^’ 1 fits in, and 
Ji 2 = di.Fi i + t()F 2 j), the same as in the flat case. This therefore determines F 2 0 in terms of 
the odd derivative of the spin-one-half field, p, in F\\ and constrains the other components in 
the spinorial derivative of p to vanish. 

The level-two Bianchi identity involves the field-strength for the supergravity two-form, F 3 , 
which we recall is not in the (partially) off-shell supergravity multiplet. It equates dF 3 with 
F‘2 ■ F‘2 , but the latter only contributes starting at I 2 ,2 because there are no scalars in D = 10 
SYM. The dimension-zero component /q : 4 = to-^ 1 , 2 , so that F\ 2 = —iTi^S + T^pX 4 , where 
S' is a function of the dilaton, explicitly, S = exp(-^y), and A is a four-form which must be 
set to zero because the only dimension-zero fields are scalars. Again, the remaining S-terrn is 
cohomologically non-trivial as it should be. At dimension one-half we then have — iTi^diS + 
toF- 2,1 = 0, but this is clearly satisfied because the first term is indeed fo-exact as we remarked 
previously. So F^ ~ ( 7 a ;,A ) 7 where A = D a S is the dilatino. Given that Io ,4 = /1.3 = 0 we 
have 


tol'2,2 = 0 => h,2 = ^0^3,0 + T 5 , 2 AT 3 i0 (3-12) 

so that in principle there are two even three-form components. These give linear relations 
between F$ o> the bilinear in the SYM fermions (coming from F\ i ■ Fi^) and a three-index field 
G a b c in the dimension-one torsion. This is the dual of the seven-form field strength in the off- 
shell supergravity multiplet. Clearly these two relations cannot be independent, but this is not 
obviously the case; it is necessary to carry out the actual computation. The presence of the 
dimension-one torsion in this equation arises from the term do- 7 i, 2 , since do acting on a fermion 
gives D a Xp + T a pp A 7 . 

Now we know that there are no fields at levels 3, 4 or 5 in D = 10, but it is nevertheless 
interesting to understand this from a cohomological point of view. It is easy to see that the 
only consistent Bianchi identities are gauge-trivial, i.e. dFf + 1 = 0, £ = 3,4,5. Considering 
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the dimension-zero Bianchis we have to-^- 1,2 = 0, which has the non-trivial solution iy _]2 = 
However, there are no dimension-zero fields in the theory that are not scalars, so that 
all of these components must vanish. The dimension one-half and one Bianchi identities then 
imply that the remaining components of these field-strengths are also zero. 

The level-six Bianchi identity is dF-j = 0. As F-j is contained in the off-shell supergravity 
multiplet the non-trivial solution to I 4.4 = 0 has to be 1 * 5,2 = —iTs^, since the dilaton is not 
present off-shell. 3 = 0 is fo-^ 6,1 = 0 , which implies Fq 1 = 0 , while at dimension one we 
find that Tyo is the spacetime dual of G a b c (because do-^ 5,2 includes the dimension-one torsion). 
Finally, the level-seven identity I 5.4 is trivial because Fq ,2 = 0. This completes the analysis 
since the remaining, cohonrologically trivial, Bianchi identity components simply determine the 
remaining unknown components of the various field-strengths in terms of the physical fields and 
their duals. In particular, this analysis proves that the forms are compatible with supersymmetry 
and that it is not necessary to check the supersymmetry algebra on the component fields. 

The analysis goes through in exactly the same fashion for D < 10, although there are fewer 
non-trivial Bianchis to consider because of the non-trivial cohomology limit £ = D — 3, for D > 4. 
For D = 3,4, 5 the only non-trivial Bianchi identity components are /o ,3 and /o, 4 > as hi the case 
of maximal supergravity for D < 10. 

In the half-maximal case the fact that F 3 is a singlet is, of course, due to supersymmetry, 
but one can argue that this must be the case by solubility of the Bianchi identities for D < 9. 
To see this, let us consider the dimension-zero component of the putative Bianchi identity 
dF MM = F^Ff where we allow for the possibility of a level-two term in the symmetric, 
traceless representation. It reads: 


j p-MAf _ p-M eW /q io\ 

* 0 * 1,2 “ * 0 , 2 * 0,2 • fo.loj 

Now Fq 2 and F\ 2 must be scalar fields multiplied by appropriate gamma-matrices. If we 
write the D = 10 gamma-matrices as T- = (r^T 7 ), where a = 0,..., (D — 1), and I = 
D,... , (ZD + k — 1), in D = (10 — k ) dimensions, it is clear that we must have 

= (r J )o ,2 Vi M , 

Fffi* = (3.14) 

up to constants, where Ti 2 denotes the ZD-dimensional gamma-matrix considered as a (1,2)- 
form, Vi M denotes part of the scalar field matrix and is a function of the scalar fields that 

is to be determined. The relation fori, 2 = 0 in D = 10 translates to fob 1,2 + (r i )o, 2 (r/)o ,2 = 0 in 
D = (10—A:) dimensions. This implies that (3.13) can only be solved for the singlet representation 
if D < 9. 

3.5 D = 6b supergravity 

The D = 6 b theory has (2,0) supersymmetry as opposed to the (1,1) supersymmetry of the 6a 
case discussed above. The vector multiplets are replaced by tensor multiplets, so to get the same 
number of degrees of freedom we shall need (n + 4) of these. The physical fields of the full theory 
consist of the graviton, 5 {n + 5) scalars, (n + 10) two-forms with anti-self-dual field-strengths, 
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together with the gravitino and (n + 5) sixteen-component spin-one-half fields. Note that there 
is no dilaton or dilatino. The duality group is 50(5, n + 5) and the scalars belong to the coset of 
this group defined by the isotropy group 50(5) x 50(n + 5). In a covariant formalism in which 
the isotropy group is local the superspace torsion is flat for dimension less than one. 

The free 6 b tensor multiplet is conformal and so gives rise to a superconformal current mul- 
tiplet [87]. We can therefore start from an off-shell conformal supergravity multiplet in this 
case. Its components are the graviton, the (2,0) gravitino, the 50(5) gauge fields, a set of 
five dimension-one self-dual three-forms (not field strengths), five sixteen-component dimension 
three-halves auxiliary fermions and fourteen dimension-two scalars. We can go on-shell from this 
starting point by introducing the physical scalars as in (3.1) and (3.2), and the field-strength 
forms for the tensor gauge fields. The 50(5) gauge fields are then determined as composite, 
while the other auxiliaries can also be found in terms of the physical fields. For example, the self¬ 
dual dimension-one three-forms must vanish on-shell. Note that since the conformal theory is 
formulated in conventional superspace there will be other fields in the conformal supergeometry 
that can be gauged away by higher-dimensional components of the scale supcrfield parameter. 
For example, at dimension one, we should expect to find fields corresponding to the 6 2 compo¬ 
nents of a scalar superfield, i.e. a set of 1+5 anti-self-dual tensors and 10 vectors. These fields 
are given as fermion bi-linears on-shell. 

The dimension-one-half component of the one-form P 11 ' is constrained in a similar fashion to 
(3.3); we have 

D a iVl M (V~ 1 )MJ' = PailJ' = (7/)i J PajJ' • (3.15) 

The forms in this theory are generated by the tensors at level two. The field-strengths are 
three-forms F^ 4 obeying the Bianchi identity 

dF^ 4 = 0 . (3.16) 

From this one can easily see that the remaining consistent Bianchi identities are at levels four 
and six, although there are also OTT forms starting at level eight. Since the latter are zero in 
supergravity we shall not consider them further here. The Bianchi identities are 

dF MP = pMpM > 

d pMM.V = pMMpV (377) 

Consistency requires that the totally antisymmetric part of F^ 4 ^^ must be zero leaving two 
irreducible representations, mixed symmetry and vector. 

To show that these Bianchi identities can be satisfied on-shell we can again make use of 
cohomological methods. For D = 66 the Hf ,q groups are empty for p > 1 but can be non-zero 
for p = 0,1. The p = 1 case corresponds to the existence of membranes. In fact there are five of 
these arising from the fact that r{ 2) I = 1, - - - 5, is to-dosed but not exact. Here 

(r a )a:/3 ~* (r a )m/3? = (7 )ij(la)a/3 (3.18) 

in a two-step notation, with a, /3 = 1,...,4 being six-dimensional chiral spinor indices and 
i , j = 1 ,... ,4 being Sp(2 ) indices. Since there is no non-trivial cohomology for p > 1 it follows 


21 



that the only components of the Bianchi identities that need to be checked are Jo ,4 and I\,‘i at 
level two. The former is 

t 0 F$ = 0 (3.19) 

since Fq£ = 0 (it has negative dimension). This must have a cohomologically non-trivial solution 
because otherwise F could be set to zero by a field redefinition of the potential A%q. So the 
solution must be 

F$ = , (3.20) 

where the scalar matrix V 4 = (V; - ^, V//^) as in the other cases. Given that Iqa = 0 and that 
d /4 = 0 it follows that to^i ,3 = 0. But this is not satisfied automatically due to cohomology and 
so /1 3 = 0 has to be examined directly. It reads 

(r J )i, 2 diV/ /1 + t 0 F$ = 0 , (3.21) 

where we have made use of (3.20) and the fact that the dimension one-half torsion is trivial. 
Disregarding for the moment the duality vector index, we see that the first term contains two 
representations of Sp(2), whereas the second term only has one, the four-dimensional spin rep¬ 
resentation. So the gamma-traceless 50(5) vector-spinor representation in d\Vi M has to be set 
to zero, 

D ai V! M = ( 7 ■ (3.22) 

This is similar to the usual constraint for the tensor multiplet, the difference being that there 
are only (n + 5) sixteen-component dimension one-half spinors, so that if we contract (3.22) 
with ( we get zero (Le. the spinors are p a r) in accordance with (3.15). The higher¬ 
dimensional components of 14 and all of the components of the higher-level Bianchi identities 
can now be solved by specifying the non-zero components of the field-strength forms with no 
further constraints arising. 


4 Algebras from forms 

The set of consistent Bianchi identities written in the form 

dFi + 1 = ^ F m+ iF n+ i (4.1) 

m+n=£ 

gives rise directly to an algebraic structure, namely a co-algebra f* dual to a Lie superalgebra 
f. This is a ^-graded vector space together with a co-product, a linear map cZ : f* —> f* a f* 
(^-graded antisymmetry) that extends to a ^-graded derivation of the exterior algebra of f* 
satisfying the nilpotency condition d 2 = 0 (equivalent to the Jacobi identity for f). 

In the supergravity context the vector space f* is spanned by all the field-strength forms, and 
thus also has a Z + -grading consistent with the ^-grading. For the dual Lie superalgebra f this 
means 

f= © ft = f(o) ® f(i) ( 4 - 2 ) 

where the level t is the degree of the corresponding potential form and the even and odd parts 
of f correspond to even and odd l. 
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In this section we shall try to identify the Lie superalgebras f dual to the co-algebras deter¬ 
mined by the CBIs as subalgebras of Borcherds superalgebras. We shall also consider 0 ^, the 
semi-direct sum of the duality algebra g and f, with the adjoint action of g on f given by the 
representations 1Z( that the forms at level t transform under. 

As a special case of a Kac-Moody algebra g is generated by 3?’ Chevalley generators e*, /,; and 
hj (i = 1,2,..., r) modulo the Chevalley relations 

[/ij , (ij\ = dijdj , U^i, fj~\ = Q'ijfj j = Sijhj (4-3) 

and the Serre relations 

(ad ei) 1 _ 2 a o/ a "(ej) = (ad = 0 , (4.4) 

where aij is the (symmetrised) Cartan matrix of g. When extending g to g^ we add one more 
Chevalley generator for each irreducible representation of generating forms, and demand it to 
be a lowest-weight vector of that representation, with respect to the adjoint action of g. In the 
case of only one irreducible representation of generating forms, we denote the corresponding 
generator by eo- Acting with the h t and /* generators on eo we then get 

Ui,e o] = 0 , | hi,e 0 \ = ~Pie 0 , (4.5) 

where pt are the Dynkin labels of the representation, and we recognize (4.5) as some of the 
additional relations generalising (4.3) to 

[hi,ej] = B u ej , [hi, fj] = —Bjjfj , [ej, fj\ = Suhj (4.6) 

(.I = 0,1,..., r), where Bij = aij and Boi = Bio = — Pi- The remaining entry Boo °f the matrix 
Bjj can then be chosen such that it satisfies the conditions for a Cartan matrix of a Borcherds 
superalgebra B (see appendix D), and (4.6) are the associated Chevalley relations. In the case 
of more than one irreducible representation of generating forms, each of them corresponds to an 
additional diagonal entry in the Cartan matrix, but each pair of them also corresponds to two 
(equal) additional off-diagonal entries that have to be determined. 

In the construction of the Borcherds superalgebra we must also include a Chevalley generator 
/o for each eo (and a Cartan element ho = [eo, /o]), extending g^ to negative levels symmetrically 
around level zero (so that 77—i is the representation conjugate to 1Z\). However, in section 6 we 
will consider a a different extension, leading to a tensor hierarchy algebra [40], which is in some 
respects better suited for applications to gauged supergravity. 

Each Chevalley generator e/ of B is a root vector corresponding to a simple root Pi, and 
defines a Z-grading of B. This is a decomposition into a direct sum of subspaces labelled by 
integer levels ki such that e/ and // are at level 1 and — 1 , respectively, and all the other 
Chevalley generators at level zero. From all these different Z-gradings of B, one for each simple 
root Pi, we can obtain a single one, for which the levels are given by i = viki, where vi is an 
integer assigned to each simple root Pi. Following [35, 37] we call vi the V-degree of Pi. When 
we extend g to B we let the simple roots Pi of g have V-degree zero, while the additional ones, 
corresponding to irreducible representations of generating forms, have positive V-degrees given 
by the form degrees of the corresponding potential forms. 
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As shown in [3, 35] it is always possible to choose the additional entries in the Cartan matrix, 
and the V-degrees of the additional simple roots, such that fp = Bp for all i > 0, and thus f is 
the subalgebra of B corresponding to positive levels. While, as described above, the V-degrees 
and the additional off-diagonal entries of type Bqi = Bpo are directly given by the degrees of the 
generating forms and the Dynkin labels of the corresponding irreducible representations, it is 
less trivial to choose the additional diagonal entries, and the off-diagonal entries corresponding 
to pairs of additional simple roots, such that the additional Serre relations precisely correspond 
to the supersymmetry constraint on the representations IZp. In fact, the choice is not always 
unique, but there is always a distinguished choice from the point of view of oxidation, in the 
sense that the Borcherds superalgebra relevant for the D-dimensional theory can be embedded 
into the one relevant for the (D — l)-dimensional theory [37]. 

The results of the considerations described here are presented in Table 1 (for maximal su¬ 
pergravity) and Table 2 (for half-maximal supergravity with |n| ^ 1). Instead of displaying 
the Cartan matrices themselves we have given the corresponding V-diagrams, which contain the 
same information in a much more compact way, and at the same time the information about 
the V-degrees. A V-diagram of a Borcherds superalgebra (or, more generally, a contragredient 
Lie superalgebra) B is a Dynkin diagram of a Kac-Moody algebra A of the same rank as B, 
where node I is labelled by the corresponding V-degree vj if vj A 0. From the Dynkin diagram 
one first obtains the Cartan matrix Ajj of A and then, taking the V-degrees into account, the 
V-diagram gives the Cartan matrix Bjj of B by 

Bij = Au -w(yi,vj) , (4.7) 

where w is a symmetric map w : Z x Z —* Z defined by w(a, b ) = a(b + 1) for 0 ^ a ^ b and 
w(—a,b) = w(a,—b) = —w(a,b). A more general discussion of V-degrees and V-diagrams can 
be found in appendix D. In the following two subsections we will instead give explicit examples 
of A and B in some cases. 

Before going into details about the Borcherds superalgebras relevant for (half-)maximal su¬ 
pergravity in different dimensions we mention that, besides the subsequent embeddings of them 
into each other, each of them can also be extended to a Borcherds superalgebra V which is the 
same for different D [37]. For maximal supergravity it has the V-diagram 



1 (4-8) 

and can be obtained from the Kac-Moody algebra by adding an odd null root to the simple 
roots. Like any other Borcherds superalgebra T> can also be considered as a contragredient Lie 
superalgebra, for which the conditions on the Cartan matrix are less restrictive (see appendix 
D). As a consequence, it does not have a unique Cartan matrix, but different ones that can be 
obtained from each other by so-called generalised Weyl transformations. The different Cartan 
matrices are naturally associated to different dimensions D so that the Cartan matrix of the 
B subalgebra can be obtained by just removing rows and columns. As can be seen in Table 1 
for the maximal case this amounts to removing a chain of nodes from the V-diagram, where 
the last one corresponds to a simple root with V-degree —1. Continuing the rightmost column 
of Table 1 by generalised Weyl transformations, one would end up with the “distinguished” 
V-diagram (4.8) of T> corresponding to D = 0. 
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D 

V-diagram of B 

V-diagram of T> 

11 

o 

3 

-l 

10 

IIA 

o 

2 

O 

1 

l -l 

10 

IIB 

O—O 

2 

2 

9 

O 

1 

O—O 

1 

i -l 

8 

1 

l -l 

7 

O—O—(!)—o 

1 

l -l 

6 

1 

l -l 

5 

1 

i -l 

4 

1 

l -l 

3 

1 

l -i 


Table 1: V-diagrams of the Borcherds superalgebras B and V relevant for maximal supergravity 
in D dimensions. The Cartan matrices of the Borcherds superalgebras can be obtained from 
those of the corresponding Kac-Moody algebras by (4-7). Note that the Borcherds superalgebra V 
does not depend on D, but there are different V-diagrams of the same algebra V corresponding to 
the various cases. On the other hand, the Borcherds superalgebras B are different subalgebras of 
V, depending on D. (The rightmost column, continued to D = 0, contains the same information 
as Figure 3 in [37], but there Dynkin diagrams were used instead of V-diagrams, with coloured 
nodes, multiple lines and some entries in the Cartan matrix written out explicitly to avoid sign 
ambiguities.) 
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4.1 Maximal supergravity 


For maximal supergravity in D dimensions with 3 ^ D ^ 7 the generating forms are at level one 
and transform under a single irreducible representation 1Z\ of the simple duality group E\ i _/> 
Thus we add a simple root of V-degree one with a corresponding Chevalley generator eo, and 
since the V-degree is an odd integer, eo is an odd element in the resulting Borcherds superalgebra 
B. The Cartan matrix Bjj of B will have the form 


Bij = 


B 00 Boi 

Bio Bij 


(4.9) 


discussed above, where the Dynkin labels of TZ\ (with the opposite sign) constitute the row Boi 
and the column Bjq, and Bjj = ajj is the (symmetrised) Cartan matrix of g. It remains to 
determine F>oo- At level two it is easy to show that [eo,eo] is the lowest weight state for an 
irreducible representation which is not allowed by the supersymmetry constraint, i.e. for which 
(Fo^) 2 is not fo-exact. We therefore have the constraint [eo,eo] = 0, which in turn, considered 
as a Serre relation, leads to Hoo = 0. The V-diagram of B is the Dynkin diagram of en_D+i, 
with the node added to the Dynkin diagram of Ch_d labelled by the V-degree vq = 0. 


The D = 8 case is similar to the ones we have just discussed, the only difference being that 
the duality group, SL( 2,R) x SX(3,R), is not simple. The generating forms are still at level one 
and transform under the product of the doublet and triplet representations of the two simple 
subgroups. By similar reasoning to that used in the above cases we find that the Cartan matrix 
of B in this case is 


( o 
-1 
-1 
V o 


- 1-1 0 \ 

2 0 0 
0 2-1 
0-1 2 / 


(4.10) 


where the 2x2 matrix in the bottom right corner is the Cartan matrix of 51(3). The V-diagram 
of B is the Dynkin diagram of 51(5) corresponding to the Cartan matrix 


Ajj = 


2 

-1 

-1 

0 


1 

0 

2 

1 


0 \ 

0 

-1 

2 / 


(4.11) 


with the node corresponding to the first row and column labelled by the V-degree vq = 1. 

The situation is different for D ^ 9. For D = 9 we have two irreducible representations 
of generating forms, both at level one, which are the doublet and singlet representations of 
51(2). This suggests that we should introduce two odd algebra generators, eo, ey, that transform 
under the doublet and singlet representations of 51(2), together with a corresponding negative 
pair, /o,/o'- Denoting the generators of 51(2) by {ej, the corresponding V-degrees are 

v 0 = vqi = 1 and v\ = 0. The duality algebra is the direct sum of 51(2) and a one-dimensional 
Lie algebra spanned by a linear combination of ho and ho>. This appearance of a singlet at 
level zero is thus a consequence of the fact that there are two irreducible representations of 
generating forms, as we will see also in the half-maximal case below. The supersymmetry 
constraint at level two implies that both [eo,eo] and [eo',eo'] must vanish, whereas [eo,eo'] ¥= 0. 
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As a consequence we conclude that both Boo and B 0 'o' must be zero, but there is no constraint 
on the off-diagonal entries -Boo' and Bq'o more than that they should be equal to each other and 
negative. As explained in [37] the distinguished choice from the point of view of oxidation is 
Bqo' = Bq'o = —2, which gives the Cartan matrix 

0-2 0 \ 

-2 0-1 (4.12) 

0-1 2 / 

where I = (0',0,1). This can be written as Bjj = Ajj — w(vj,vj), where 

2 0 0 \ 

0 2 -i , (4.13) 

0-1 2 / 

and thus the V-diagram of B is the Dynkin diagram corresponding to this Cartan matrix Ajj, 
with the first two nodes labelled by the V-degrees vq = vy = 1. 

In IIB supergravity the generating forms are at level two in the doublet of 51(2). This means 
that we need two sets of algebraic generators, {e/, fj. hi}, I = (0,1), where the generator eo is 
associated with the level-two potentials and the index 1 with the sl(2) subalgebra. Thus the 
corresponding V-degrees are vq = 2 and v\ = 0. The algebraic elements for the level-two forms 
are eo and [ei,eo], and we must have (adei) 2 (eo) = 0 so that we indeed have a doublet at this 
level. Clearly we also have [ho, ei] = —e\ since eo is taken to be a lowest weight vector, and the 
Cartan matrix therefore has the form 

Bu =( ) • (4 - 14) 

The representations that the forms transform under are the same whether one chooses Boo to 
be zero or any negative number. In [3, 35] it was assumed that Boo = 0 which gives the Cartan 
matrix for the Slansky algebra discussed previously. In [32] it was argued that Boo = 0 was 
desirable from a superspace point of view because in this case {eo, /o, ho} generate a Heisenberg 
algebra, whereas if one were to take Boo to be negative, there would be a second 51(2) subalgebra 
under which the whole algebra would split into infinite-dimensional representations. It was 
argued in [32] that this would be unnatural because these representations would necessarily 
involve different form degrees, but it is not clear that this is a necessary restriction because the 
second 51(2) is not a symmetry of the theory by itself. In [37] it was argued that Boo should be 
chosen to be —4 as this is required by oxidation, and with this distinguished choice we can write 
Bjj = Ajj — w(vi,vj), where Ajj is the Cartan matrix of sl(3). The Dynkin diagram of sl(3), 
with the node corresponding to eo labelled by the V-degree vo = 2, is the V-diagram of B. 

In IIA supergravity there is no duality group, but the generating forms, which are at level 
one and two, give rise to a Borcherds superalgebra B by themselves. As in D = 9 and IIB 
supergravity, B is not uniquely determined by the spectrum of forms, but there is again a 
distinguished choice given by the V-diagram shown in Table 1. Finally, in D = 11, the three- 
form potential gives rise to the finite-dimensional Lie superalgebra osp(l|2). The single entry 
Boo i n the Cartan matrix can be any nonzero integer, but since the corresponding V-degree is 
no = 3, it is natural to choose Bqo = 2 — w(vo,vq) = —10. 
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Table 2: V-diagrams of the Borcherds superalgebras B relevant for half-maximal supergravity in 
D dimensions with \n\ ^ 1. The Cartan matrices of the Borcherds superalgebras can be obtained 
from those of the corresponding Kac-Moody algebras by (4-V- The black nodes represent short 
roots of the corresponding Kac-Moody algebras, see appendix D. The table should be compared 
to Table 2 in [10] (but note that black nodes are used differently there). 
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4.2 Half-maximal supergravity 


We can apply a similar analysis to the half-maximal theories, and derive a Borcherds superal¬ 
gebra B for any n and any D (such that k and n + k below are non-negative). However, there 
is an important difference compared to the maximal case, as we shall now explain. 

We recall from section 3.1 that the duality algebra g for half-maximal supergravity is either 
so(k, n + k ) for k = 11 — D (if D = 3 or D = 6b) or the direct sum of so(k, n + k ) for k = 10 — D 
and a subalgebra which is either s((2) (if D = 4) or one-dimensional (otherwise). The subalgebra 
so (k, n + k) is a real form of the complex Lie algebra B r (if n is odd, r = k + I ^) or D r (if n is 
even, r = k + §). If |n| ^ 1, then this is the split real form, and only in these cases so(k, n + k) is 
directly given by its Cartan matrix as the real Lie algebra generated by e*, /,, hi modulo the 
Chevalley-Serre relations (4.3)-(4.4). In the other cases so (k, n + k) is instead spanned over the 
real numbers by complex linear combinations of the basis elements in the complex Lie algebra 
B r or D r (generated in the same way as the split real form, but over the complex numbers). This 
of course also applies to the Borcherds superalgebra B, obtained by adding simple roots to those 
of g, and its Cartan matrix Bjj. However, the Chevalley generators associated to the additional 
simple roots will always be genuine basis elements of B , so once so(k,n + k) is identified as 
a real subalgebra of B r or D r , the procedure is the same as for maximal supergravity (where 
the duality algebras are always split real forms). In Table 2 we display the result in terms of 
V-diagrams, for simplicity only for the split cases |n| ^ 1. It is (hopefully) evident from the table 
how it could be extended to include any other possible value of n, and also how each V-diagram 
can be extended to a V-diagram of a Borcherds superalgebra T>, like in Table 1. Below we also 
give some Cartan matrices for n = 0 explicitly. 

For D = 3, the situation is very similar to 3 < D < 7 in the maximal case. There is just 
one generator eo to be added to those of the duality algebra g. It can be taken to be a lowest- 
weight vector for the adjoint representation of g, and the supersymmetry constraint implies 
that [eo, eo] = 0. Thus Bjj has the form of (4.9) with Bqq = 0 and Boi = —pi where pi are the 
Dynkin labels of the adjoint representation of g. 

For D = 4 the situation resembles that of D = 8 maximal supergravity since the duality 
group is a product. The Cartan matrix, for the case n = 0, is 


/ 

0 

-1 

-1 

0 

0 

0 

0 

0 

\ 

-1 

2 

0 

0 

0 

0 

0 

0 



-1 

0 

2 

-1 

0 

0 

0 

0 



0 

0 

-1 

2 

-1 

0 

0 

0 



0 

0 

0 

-1 

2 

-1 

0 

0 



0 

0 

0 

0 

-1 

2 

-1 

-1 



0 

0 

0 

0 

0 

-1 

2 

0 


V 

0 

0 

0 

0 

0 

-1 

0 

2 

/ 


(4.15) 


For D +- 5 the half—maximal case is similar to k) — 9 m the maximal case, m that there is an 
extra odd generator eo in the vector representation of the duality group and a second additional 
generator eo' at level l = (6 — k), as reflected in the V-diagram in table 2. In this case Boo = 0 
but both Boo' = B 0 'o and B 0 'o' are nonzero (although the nodes 0 and O' are not connected to 
each other in the V-diagram). As an example let us consider D = 7, again with n = 0. The 
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duality algebra in this case is M®so(3,3) and the Cartan matrix Ajj can be determined from 
the V-diagram to be 


Au 


/ 2 0 

0 2 

0 -1 

0 0 

0 0 


0 0 

-1 0 

2 -1 
-1 2 

-1 0 


0 \ 

0 

1 

0 

2 / 


(4.16) 


where the first row corresponds to the level-three root vector and the second to the level-one 
one, eo- The Cartan matrix for the Borcherds superalgebra Bjj = Ajj — w(vi,vj) is therefore 


Bij 


( 

V 


-10 

-4 

0 

0 

0 

-4 

0 

-1 

0 

0 

0 

-1 

2 

-1 

-1 

0 

0 

-1 

2 

0 

0 

0 

-1 

0 

2 


(4.17) 


5 The Borcherds-Kac-Moody correspondence 

In the preceding section we saw that the Lie algebra 0 of the duality group in 14-dimensional 
(half-)maximal supergravity can be extended by adding simple roots with positive V-degrees 
to the simple roots /% of 0 (which have V-degree zero). This corresponds to adding rows and 
columns to the Cartan matrix atj of 0. We did this in two ways, leading to the Cartan matrix 
Ajj of a Kac-Moody algebra A, and to the Cartan matrix Bjj of a Borcherds superalgebra B. 
The two Cartan matrices are related to each other by the relation (4.7). 

In this section we will consider a further extension of A, a Kac-Moody algebra C, obtained 
by adding an Aj = sl(d + 1) algebra, whose Dynkin diagram form a “gravity line” of d nodes, 
where d is an arbitrary positive integer. For any simple root aj of A with V-degree vj ^ 0, the 
corresponding node is then connected with a single line to the u/-th node of the Dynkin diagram 
of sl(d-l-1) (counted from one of the ends) if vi ^ 1, and disconnected from it if vj = 0 or vi > d. 
In the same way as for B we get a Z-grading of C, with the overall level given by i = 2 jVjki , 
where kj is the level with respect to a/. However, now we have at each level t not only a 
representation of 0, but each representation of 0 also comes together with a representation of 
sl(d + 1). In particular the antisymmetric product of i fundamental representations of sl(d + 1) 
appears at level t, for 1 ^ i ^ d + 1. 

It has been known that in the cases of (half-)maximal supergravity in D dimensions with split 
duality algebras 0 the representation of g that comes together with this antisymmetric product 
of t fundamental sl(d + 1) representations precisely coincides with the representation 7Zj of g 
at level i in B , up to level t = d + 1. Thus the form spectrum up to Z4-fornr potentials can be 
derived from the Kac-Moody algebra C with d = D — 1, which is -E§ +++ = E\ \ for maximal 
supergravity, and Bj +++ , Dg +++ , B§ +++ for half-maximal supergravity with n = —1,0,1, 
respectively [6, 8, 9, 10]. 9 However, if we are also interested in the forms at level (D + 1), then 

9 Note that although we set d = D — 1, the Kac-Moody algebra C is the same for any D, since the Borcherds 
superalgebras B that we start with also depend on D. 
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E\ i is not enough; we need to take d = D and go to E\ 2 . This continues to infinity, so in order 
to include all the representations IZp one would need to consider Kac-Moody algebras of infinite 
rank, although they are all still contained in the (finite rank) Borcherds superalgebra B. An 
advantage of this correspondence is that the representations IZp can be computed recursively 
using the denominator formula for Borcherds superalgebras, which efficiently can be rewritten 
in terms of partition functions [ 88 ]. 

The aim of this section is to show that the above correspondence holds also in the most 
general case with an arbitrary Kac-Moody algebra g, extended to a Borcherds superalgebra B 
and to Kac-Moody algebras A and C in the way described above, by adding simple roots with 
positive V-degrees and an si (d + 1) algebra. The case where there is only one additional simple 
root, with V-degree vq = v, is illustrated in Figure 1. If furthermore vo = 1 we have the special 
case already proven in [38]. 

The idea is to consider both B and C as subalgebras of a contragredient Lie superalgebra V 
(already mentioned in the preceding section). In the case of only one simple root fio of B with 
positive V-degree vq = v ^ 1, the V-diagram of V is shown in Figure 1. There it is also assumed 
that (ao,ao) = 2 , since the nodes corresponding to «o and (3o are white, but they can also be 
black or correspond to any other value of the diagonal entry Aoo = (ao, ao) i n the Cartan matrix 
of A (see appendix D for our conventions for colouring the nodes). In the case of more than 
one simple root of B with positive V-degree, each of the corresponding nodes is connected with 
a single line to the same node in the V-diagram of V, corresponding to the simple root do with 
V-degree —1. In all cases relevant for maximal supergravity in D dimensions, the V-diagrams 
of V are given explicitly in the right column of Table 1. In fact, V is the same for different D, 
but described by different V-diagrams. 

It is clear that B is a subalgebra of V, since the V-diagram of B is obtained by removing 
nodes from that of T>. The embedding of C into T> is less obvious, but can be understood by 
setting 

ao = A) + vSq + (v ~ l)<5i + {v — 2)62 + • • • + 25 v -2 + , (5-1) 

and 7 t = d u for l = 1 , 2 ,..., d (where do, Si ,..., d f j are the additional simple roots of V according 
to Figure 1). We then get 

(a 0 ,a 0 ) = (A), A)) + w(v,v) (5.2) 

and ( ao,cti ) = —d lv as we should, and «o also satisfies the same inner product relations with 
the roots of g as /5o - In the case of more than one simple root of B with positive V-degree, we 
can let Ay be another one, with V-degree v' = vy > 1 and a corresponding simple root a ,7 of C, 
and we find that (5.2) can be generalised to include this case, 

(«o, «o') = (A ),M + w(v, v') (5.3) 

for the inner product of 07 an d a o'. It remains to show that the linear combination (5.1) of 
simple roots of V indeed itself is a root of T>. This will be done below. 

It is convenient to extend the A^ = sl(d+ 1) subalgebra of V to gl(d + 1), including the Cartan 
element corresponding to the simple root do, with the basis elements K a b (a, b = 0,1,..., d) and 
the commutation relations 

[K\ K c d ] = d b c K a d - d d a K c b . (5.4) 
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Figure 1: Illustration of how the Dynkin diagrams of the Kac-Moody algebras g, A and C, and 
the V-diagrams of the Borcherds superalgebras B and V are related to each other in the general 
case. The node corresponding to ao or /?o can be connected to any number of nodes in the 
Dynkin diagram of g (which is itself not visible in the figure) and the corresponding off-diagonal 
entries in the Cartan matrix can take any negative values (symmetrically). The V-degree of do 
is — 1 and the V-degree of fo is v, as written next to the nodes, and all other simple roots have 
V-degree zero. Thus c>o is an odd null root, whereas A) is odd if and only if v is an odd integer, 
and all the other simple roots are always even. It also follows from the V-degrees that the length 
squared of the simple root A) is (A), A)) = (ao, ao) — w(v, v ) = (ao, ao) — v(y + 1), and its scalar 
product with 5 q is (ftoAo) = (“1) — w(—l,v) = v. In the figure ao and A) are represented by a 
white node, which means that (ao,ao) = 2, but ao can also have a different length squared. In 
particidar the node can be black, which means that (ao,ao) = 1. 
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Then we have h t = K\ — K b ~ l L _i for the Cartan elements of the si (d + 1) subalgebra, and if 
a =£ b, then K a b is a root vector corresponding to the root 5 b+ \ + 6 b+ 2 + • • • + 6 a (if b < a), 
or —5 a +i — 8 a +2 — ''' — 5 b (if a < b). Furthermore, we let E a and F a be root vectors in V 
corresponding to the root <5o + 5i + • • • + S a and its negative, respectively, such that 

[K\, F c \ = —5 c a F b , [K\ E c ] = 5 b c E a , [E\ F b ] = K a b - 5\K , (5.5) 

where 

K = K a a = — — ((d + 1) ho + dh\ + ■ ■ ■ + 2hd-i + h^j . (5-6) 

From now on, we simplify the discussion by restricting to the case of only one simple root 
/3o °f 13 with positive V-degree vo = v ^ 1, illustrated in Figure 1, but it is straightforward 
to extend it to the general case. Thus the formula i = vjkj simplifies to t = vk, and the 
two different Z-gradings of B that we consider differ only by the factor v. For the Chevalley 
generator eo corresponding to /?o we thus have k = 1 and i = v, and for all other Chevalley 
generators ej, corresponding to all other simple roots, we have k = t = 0. 

Let e_M be a basis of the level k = 1 subspace of B. The subspace at a general level k is then 
spanned by elements 


CMfc’--.Mi It .Mi, ■ [^Aik—i > • • • i [CM 2 5 CMi] ' ]] • (5.7 ) 

When we extend B to V these elements are eigenvectors under the action of the si (d + 1) 
subalgebra, 


[K a b,eM k -Mi] 


-jd b a eM k -Mi 


[K,eM k -Mi] = > ( 5 - 8 ) 


while acting with F a gives zero, and acting with E a gives new elements, which we denote by 


..= [E a \[E a \...,[E a m,e Mk -M 1 \---]] • ( 5 - 9 ) 

Since the elements E a anticommute with each other, [E a , E b ] = 0, the expression E ai '" am 
is totally antisymmetric in the upper indices. Thus it certainly vanishes for m ^ d + 2, but the 
following lemma tells us that this in fact happens already for m ^ t + 1 . 

Lemma. For any element X = eM k ---M\X Ml Mk a t level k in B, set 

x ai -a m = [E a \[E a 2 ,...,[E am ,X]---]] (5.10) 


in C, where the indices ai, 02 ,..., a m take m distinct values among 0,1,..., d. For 1 ^ m < i 
we have X ai "' am = 0 if and only if X = 0, whereas for m 5= l + 1 we always have X ai '" am = 0. 

Proof. This is most easily shown by a calculation which is not sl(d + 1) covariant (and thus 
the repeated index a± should not be summed over), 

[F ai ,X ai - am ] = [[F ai ,E ai ],X a2 ' a ™] = [K ai ai ,X a2 " am ] - [K,X a2 ' am ] 

= (-^-(m-l)+ f -(d+ l)^jX a2 ' am = (£ + 1 -m)X aa - am . (5.11) 
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The lemma can now be proven by induction. 


□ 


Since in particular E ai "' av m is nonzero, the linear combination (5.1) of simple roots is indeed 
a root of V and, identifying this root with «o, we can indeed consider C as a subalgebra of V. 
The level k subspace of this subalgebra, with respect to ao> is spanned by elements 

[E a ^ Mk , ■ ■ • , [E at -**+'-" a ‘-” M 2 ,E a ‘-'’+'-" a ‘ M J •••]], (5.12) 

and the restricted subspace corresponding to the antisymmetric product of p fundamental repre¬ 
sentations is spanned by elements obtained from (5.12) by antisymmetrising the upper indices, 

[E [ai -^ Mk AE av+1 '" a2v Mk _^- ■ • , [E a ‘-w“ a ‘-* M2 , E a ^- a ^ Ml ] •••]]. (5.13) 

By repeated use of the lemma and the Jacobi identity, it can be shown that (5.9) for m = £ is 
proportional to (5.13), and thus that X ai "' ae is proportional to 

[E ^ ai av Mk i [E av+1 - a2v Mk . i, •'' , [£7°<-3«+ 1 -°<-* M 2, • ■■]]X Ml ' Mk . (5.14) 

It then follows from the lemma that X is zero if and only if (5.14) is zero, and we conclude that 
the lower indices in and (5.13) determine the same representation of g. 


6 Gauging 

6.1 Deformed Bianchi identities 

In this section we consider the gauged version of the Bianchi identities, following the discussion 
given in [41], but generalised to all (half-)maximal cases. We shall focus on the standard case 
where the gauge algebra is a subalgebra of the duality algebra g (including a one-dimensional 
algebra corresponding to shifts of the dilaton where appropriate). We shall not discuss the 
gauging of the constant scaling (or trombone) symmetry of the equations of motion, for which 
we refer to the literature, see, for example [89, 90, 91, 92], We shall also discuss the solubility 
and supersymmetry of the gauged tensor hierarchies and briefly mention the need to amend 
the superspace curvature. Gauging will involve a different extension of the form algebra to the 
ones we have discussed above. To begin, we first reformulate the ungauged system of Bianchi 
identities in terms of g^-valued forms. We define 

A e = > 

Fi +1 = . (6.1) 

We shall use the convention that odd elements in g^ anti-commute with odd forms, so that the 
potentials are all even objects while the field-strengths are all odd. We denote the sums of all of 
these forms by A and F. with the sums starting from t = 1. The consistent Bianchi identities 
can then be rewritten as 10 

dF = -±[F,F). (6.2) 

10 The sign change with respect to (2.6) is for later convenience. 
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Consistency follows immediately by applying d to both sides and using (6.2) again followed by 
the Jacobi identity. 

At level (D — 1) the field-strength form is a Z7-form and so has a dual that is a 0-form. In the 
ungauged case this object is constant, and, as it has dimension one, parametrises the possible 
massive deformations of the theory. Its “virtual potential” would be at level minus one, so this 
suggests incorporating such a level into the algebraic structure with 77—i = TZd-i, by spacetime 
duality. Note that this is different to the Borcherds superalgebra extension of the form algebra 
which is symmetrical about level zero (in the sense that 77_i = 77i). In the cases where the forms 
are generated from the level-one forms, we know that TZd-i is contained in (but is not identical 
to) the product 77i ® adj , because TId -2 ~ adj. Here, adj denotes the adjoint representation. 
This holds for the maximal theories in 3 ^ D ^ 9 and half-maximal theories in D < 5. It 
also holds for half-maximal theories in D = 8,9,10 because the second generating form, at level 
(D — 4), does not give rise a new form at level (D — 1). For D = 6a, 7, there are additional forms 
at level (D — 1) involving the level (D — 4)-form as we saw previously in section 3.2, but these 
actually give rise to massive deformations of type p = 2, 3 [10], as we discussed there. There are 
no gaugings in D = 10,11 maximal or D = 66 half-maximal theories, so the net upshot is that 
all gaugings are associated with elements in 1Zd-i that are contained in 77; ®adj. u 

Letting m, etc, denote indices running from 1 to dim g, we can write the dimension-zero field- 
strength as 0.M m , indicating that it is to be identified with the embedding tensor [16, 24, 25]. We 
can also introduce a basis for level minus-one, (j ) m M , which will be in the dual representation. We 
can then form the single level minus-one element 0 := @M m ( t ) m M ■ We have the commutation 
relations 

[<t>m M ,eAf] = ^ M t m J , 

[tmAn M ] = / 4 /V ^ 1 ~ , (6.3) 

where the diagonal brackets denote the projection from IZi ® adj onto 77—i and where 

\^mi ^ A’] ^mM ^ P i (^*^ : ) 

with t m denoting the generators of 0 in the representation 77i. In order to gauge the theory 
we have to promote some of the abelian gauge fields to non-abelian ones. This is done with the 
help of the embedding tensor; we define the gauge field to be A := [Ai, 0]. Written out in more 
detail 

A=[A 1 ,@] = A^Q M m t m . (6.5) 

This shows that the generators of the Lie algebra g 0 of the gauge group Go c G are 

Xm = ®M m tm = [e.M,0] • (6.6) 

We demand that the embedding tensor be invariant under T>: 

VQ = 0 => \X M , 0] = 0 => \e M , [©, ©]] = 0 , (6.7) 

where we used the fact that &M m is itself constant. This is assured if we set [0,0] = 0 so 
that the extended algebra is truncated at level minus-one. So there are two constraints on the 

11 There are two massive deformations of D = 10 IIA supergravity; the Romans theory [93], and the generalised 
Schwarz-Scherk reduction [94, 95], see also [90], for which there is no component Lagrangian. 
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embedding tensor, the representation constraint specifying how 72—i sits inside 1Z\ (x) acLj , and 
the quadratic constraint that follows from invariance under g 0 . These are, of course, just the 
standard constraints imposed in gauging, see, for example [24, 25, 26]. 

The extension of g^ to negative levels using spacetime duality rather than symmetry about 
level zero gives the tensor hierarchy algebra (THA) [36], and the truncated version, which 
includes the single element 0 at level minus one with [ 0 , 0 ] = 0 (and thus no other non-zero 
elements at any negative levels) is very convenient for discussing the gauged hierarchy [41], as 
we now demonstrate. 

The gauge field A is at level zero and its field strength T = dA + A 2 is given by F = — \F 2 , 0]. 
We claim that the following deformed Bianchi identities are consistent if the corresponding 
ungauged ones are: 

VF = ~ l ~[F, F] + [F, 0] - [F 2 , 0] , ( 6 . 8 ) 

where the F s start at level one as before. The last term in ( 6 . 8 ) is necessary because the set of 
Bianchi identities starts at T>F 2 = [T 3 , 0]. 

To check the consistency of ( 6 . 8 ) we apply a second V to both sides. Since the last term on 
the right is just F it is annihilated. On the left we get 

V 2 F= [F,F] = -[F,[F 2 ,0]] . (6.9) 

Applying V on the right-hand side we get terms with zero, one and two 0s. The former vanish 
because they are the same as in the ungauged case, while the 0 2 terms also vanish because 
they have the form [[ F , 0], 0] ~ [F. [0, 0]] = 0. So we are left with the single 0 terms. These 
are also easily seen to cancel with the contribution from the right-hand side using the Jacobi 
identity. We therefore see that the consistent set of Bianchi identities in an ungauged theory can 
be extended to the gauged case by means of the embedding tensor interpreted as a level minus- 
one element of the truncated THA. Of course, the formulae for the field-strengths also have 
to be deformed. In principle one can do this by deriving the explicit expressions for the field- 
strength forms such that the Bianchi identities are satisfied. However, it is more straightforward 
to reformulate everything in terms of the truncated THA. 

6.2 All forms together 

It was observed in the original papers [1, 2] that, if one thinks of the potentials together as a 
gj:-valued form, one can exponentiate to get a formal group element. Given this, one can then 
derive a Maurer-Cartan equation which is equivalent to the set of Bianchi identities for all of 
the field-strength forms and which is guaranteed to be consistent. Let us define g to be the 
Lie superalgebra obtained by appending the level minus-one element 0 to g^ (thus it is the 

truncated version of the THA discussed above), Q to be the associative superalgebra of forms 
and Ug the enveloping algebra for g. The forms we are interested in take can be considered to 
be elements of := ® g, while if we exponentiate we get objects that lie in H ® U^. As 

stated above, we take odd forms to anti-commute with odd elements of g. We consider d to 
be a skew-derivation that acts from the right while there is another one, Lq, that takes the 


36 



graded commutator of an object with 0. Both of these square to zero (as [0, 0] = 0) and they 
anti-commute with each other. This means that d© := d + Lq is also nilpotent. 

Let us first consider the ungauged case where the extension by 0 is irrelevant. The Bianchi 
identities written in the form dF = — t, |T) F\ can be considered to be a Maurer-Cartan equation 
that is solved by setting 

F = de A e~ A . (6.10) 

We can also find the gauge transformations given by the odd parameter A := ^-i> where 

the individual parameters A^_i are (£ — l)-form parameters at level i. If we set Z := de A e~ A 
then we find that F is gauge-invariant if dZ + \Z. F] = 0. This equation is easily seen to be 
solved by 

Z = dA + [A, F] . (6.11) 

We can generalise this to the gauged case reasonably straightforwardly. We define A as before 
but then put 

F':= d e e A e~ A . (6.12) 

Since d|, = 0, we again have a Maurer-Cartan equation 

d e F' + F’ 2 = 0 . (6.13) 

F' in this case has a level-zero component which is just A = [Ai, 0], so F’ = F + A, where F 
is the sum of all the field-strength forms starting at level one. It is not difficult to show that 
the Maurer-Cartan equation (6.13) is equivalent to the gauged Bianchi identities (6.8). Since 
F 2 = \ [F. F]. we have 

0 = d e F’ + F' 2 = d@F + d e A + + A, F + A] 

= VF + ^[F, F] + [F, 0] + d e A + A 2 

= VF + i [F. F] + [F, 0] + F + [A, 0] 

= VF+ l -[F, F] + [F, 0] - [F 2 , 0] , (6.14) 

where we used the facts that F = —[F 2 , 0] and [A, 0] = 0. This confirms the claim. 

We can define the gauge transformations in a similar way to the ungauged case, Setting 
Z = 5e A e~ A , we find 

SF=[F,[A 0 ,e]] , 

5A = [dA 0 + [A 0 , [A x , 0]], 0] 

where 

Z = d©A — [A 0 , 0] + [A, F'] . (6.17) 

We can identify [Ao, 0] as the gauge parameter for g 0 , so that the equations (6.2) show that the 
gauge field A and the field-strength forms have the correct transformations. The first few levels 
in the field-strengths and gauge transformations were given explicitly in [41] and shown to agree 
with the formulae previously derived by a Noether-type method in, for example, [24, 25, 26]. 


(6.15) 

(6.16) 
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6.3 Inclusion of scalars 


It is straightforward to include the scalar fields into the picture. This is most simply accom¬ 
plished by use of the matrix V £ G, rather than by fixing a gauge for the R-symmetry group 
H. Recall that the duality group G acts rigidly on V to the right, while the local R-symmetry 
group H acts on the left, V —> h~ 1 Vg. If we now set 

$ = d{Ve A ) e“ A V ” 1 , (6.18) 

then clearly + <L 2 = 0. The Maurer-Cartan form can be rewritten as 

$ = dVV~ l + VFV - 1 . (6.19) 

Now dVV~ 1 = P + Q, where Q is the composite connection for f), the Lie algebra of H, while 
P. which takes its values in the quotient of 0 by f), can be considered as the one-form field- 
strength tensor for the scalar fields. Note that is invariant under G, so that we can consider 
VFV" 1 := F to be the field-strength forms in the H- basis. The Maurer-Cartan equation for <1> 
then gives 

R + DP + P 2 = 0 , 

DF + F 2 + [F. P] = 0 , (6.20) 

where R = dQ + Q 2 is the ll-curvature and D the f)-covariant derivative. 

The above discussion is applicable in the ungauged case. To include the scalars in the gauged 
case we put 

$ = Q + d e {Ve A )e~ A V~ 1 
= VVV- 1 + V(0 + F)V^ 

= V + Q + Q + F, (6.21) 

where V , Q are the gauged counterparts of P. Q. The extra 0-term on the first line is necessary 
in order to obtain VOV ^ 1 on the second line . 12 Conjugation with V converts 0 and F from 
the G-basis to the iL-basis as indicated on the third line. The A gauge-field in T> acting on the 
scalars comes from the level-zero term in d®e. A er A ■ It is not difficult to show that satisfies a 
standard Maurer-Cartan equation + <h 2 = 0. Written out it gives 

R + DV + V 2 = ~[F 2 , 0] = VJ'V " 1 , 

DF + F 2 + [F, V] + \F e>2 , 0] = 0 , 

DQ+[Q,V]= 0, (6.22) 

where D = d + Q is the Ij-covariant derivative for the gauged theory, and R = dQ + Q 2 . Note 
that the tilded quantities do not transform under G and, as a result, are also invariant under 

G 0 . 

12 This dressed version of the embedding tensor, 0, is the original one, known as the T-tensor [16, 24, 25]. 
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6.4 Curvature deformations 


In the ungauged theory one has local H and rigid G symmetries, but if the former is included 
in the superspace structure group, the components of the torsion and curvature tensors do 
not transform under G. In the gauged theory formulated as above there are local Go and H 
symmetries. Duality symmetry is lost, although it is still there formally due to the spurionic 
nature of the embedding tensor. In the geometrical sector of the theory the components of the 
torsion and curvature tensors transform covariantly under H, but are formally invariant under 
G. Nevertheless there are deformations compared to the ungauged case that start at dimension 
one (because 0 has dimension one). In order to accommodate these in maximal supergravity 
theories it is necessary to amend the superspace tensors appropriately, which implies, for D < 10, 
that there must be at least partially off-shell extensions of the constraints that were imposed 
to go on-shell in the ungauged case. In fact, one can see from the first of equations (6.3) that 
there must be dimension-one scalars in the fl-curvature and in DV that together fill out the 
representations of fl contained in the embedding tensor. 

The simplest case is D = 3 where it is known that imposing the standard flatness constraint 
on the dimension-zero torsion leads to an off-shell conformal supergravity multiplet [78]. The 
embedding tensor is in the 1 + 3875 of Cs which decomposes to 1 + 135 + 1820 + 1920' 
under fl = so(16), where 1920' is a spinor representation (gamma-traceless vector-spinor). The 
1820 is an so(16) four-form which is the leading component of the super Cotton tensor, while 
the 1 + 135 together make up a symmetric two-index tensor. This is not in the conformal 
supergravity multiplet but is a # 2 -component of a scalar superfield that reflects the invariance of 
the conformal theory under local scale transformations. The 1920' representation can be found 
in the dimension-one component of DV. At dimension one-half one has P Q j/cc(S)/j/A^ , where 
A is the physical fermion field, a = 1,2; i = 1,..., 16, and I, I' are 128-component Spin( 16) 
indices. At dimension one, D a iApji can therefore contain a term of the form e a p multiplied by 
a Lorentz scalar in the 1920' representation [34], 

The appropriate partially off-shell constraints for D > 3 are only known for D = 4 [42], In 
this case the embedding tensor is in the 912 of C 7 and the dimension-one scalars in the torsion, 
curvature and DV relevant to gauging were identified in [34], 

6.5 Supersymmetry 

In this subsection we shall demonstrate that the full system of gauged Bianchi identities is 
compatible with supersymmetry to all orders if the ungauged version is. Writing the Bianchi 
identities in the form 

I = d e F' + F' 2 , (6.23) 

and applying d© to this we find, after a short calculation, 

VI = [F, /]-[/, 0] . (6.24) 

In the ungauged case, we had dl = [ F, I ], i.e. dl = 0 mod /, so that we could examine each 
identity in sequence. This meant that if we had solved up to level I = k, i.e. all V + 2 up this 
level k are satisfied, then at the next level, we could use dlk +3 = 0 in order to facilitate the 
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analysis of its different (p, </)-form components. In the gauged case, however, the second term 
on the right of (6.24) means that a little more care is required. 

We can arrange the non-zero Bianchi identities in an array: 


t = 1 

4 : 


4,3 

4,2 

4,1 

4,o 

1 = 2 

4 : 

4,4 

4,3 

4,2 

4,1 

4,o 

1 = 3 

4 : 

4,4 

4,3 

4,2 

4,1 

4,o 

t = 4 

4 : 

4,4 

4,3 

4,2 

4,i 

4,o 

t = 5 

4 : 

4,4 

4,3 




£ = 6 

4 : 

4,4 






and so on, where the columns correspond to dimension zero, one-half, one, three-halves and two 
respectively. The idea is to solve the set of identities for I p , q starting at p = 0, work through 
all of the qs and then go on to p = 1 and so on. In other words, starting at the top unsolved 
row we solve for the next value of p and then work downwards on left diagonal keeping p fixed 
but increasing q in a stepwise fashion. For example, if we have solved for p = 0,1 we then solve 
4 ,l, 4 , 2 , 4 , 3 , 4,4 and then 4 ,o, 4 , 1 , • • • and so on. 

For maximal supergravity in 3 < D < 9, the claim is that, if we have solved 4,3 and To, 4 , 
then all of the other non-trivial Bianchi identity components can be solved by specifying the 
non-zero components of the field-strength forms. The solutions to 4,3 = 0 and 4,4 = 0 are 
the same as in the ungauged case because the deformation terms involve a mass parameter. In 
particular 4,4 = 0 will be solvable if the supersymmetry constraint is imposed. Now consider 
the (0,4)-component of (6.24). It is 


44,2 = — [4,4,0] > (6.26) 

as there is no 4- But since Jo ,4 = 0, 44,2 = 0 => Ip 2 = 44,o- Thus Ip 2 = 0 if we set 4,o = 0 
which just allows us to identify F 2 ,o- We now move on to I i )3 . We have 

44,3 = [Tq/2, 4, 3 ] - [4,5,0] . (6.27) 

The first term on the right vanishes because we have assumed that 4,3 = 0, while the second 
term vanishes because 4,5 = 0 identically in supergravity on dimensional grounds. So 44,3 = 
0 => 4,3 = 44 , 1 , so we can solve this identity by setting ,41 = 0 i.e. by finding Proceeding 
in this way, we find that all of the Bianchis are solvable if 4,3 = 4,4 = 0. The difference with 
the ungauged case lies with the 0 term on the right of (6.24), but because 0 has dimension 
one, this term has no effect if we solve the identities in the above order. We therefore conclude 
that the full set of gauged Bianchi identities is consistent with supersymmetry, and that there 
is therefore no need to make any explicit checks of the supersymmetry transformations . 13 

The above analysis can be extended to the half-maximal case, although the cohomology is 
more involved as we saw in the ungauged case. 

13 For the D — 10 IIA case, the Romans massive deformation [93] was discussed from an algebraic point of view 
in [96]. This can be viewed as a simple example of the truncated THA formalism. All the forms, including the 
OTT ones, were discussed in a superspace framework in [32]. 
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7 Concluding remarks 


In this paper we have presented a detailed analysis of the forms in (half-)maximal supergravity 
theories in dimensions D ^ 3. The use of superspace methods has allowed us to prove that all of 
the forms are consistent with supersymmetry and to directly construct Lie superalgebras from 
the associated Bianchi identities. We then showed how these form algebras could be extended to 
Borcherds superalgebras in the non-gauged case, by adding negative levels symmetrically about 
level zero, and to (truncated) tensor hierarchy algebras in the gauged case, by including a level 
minus-one generator, related to the embedding tensor, in a way that is natural from the point 
of view of spacetime duality. In the latter case the Maurer-Cartan form associated with the 
formal group obtained from the tensor hierarchy algebra leads to a very simple description of 
the hierarchy of tensor gauge fields for gauged supergravity theories. 

We have shown that the Borcherds superalgebra B can be obtained from an associated Kac- 
Moody algebra A by assigning V-degrees to the simple roots. A positive V-degree of a simple 
root specifies both the form degree of a corresponding generating form, and to which node in an 
additional “gravity line” we shall connect the corresponding node in the Dynkin diagram of A 
when we extend it to a larger Kac-Moody algebra C. Of course, neither of these interpretations is 
possible for negative V-degrees, but nevertheless we saw that it is natural to allow simple roots of 
V-degree —1, when we consider both B and C as subalgebras of a unifying Borcherds superalgebra 
V. This calls for a deeper understanding of the V-degrees (and also of the map w, through 
which they enter in the relation between A and B), and raises the question whether the simple 
root of V-degree —1 can be associated to the embedding tensor. The answer might be given 
by a construction of the tensor hierarchy algebra similar to the construction of the Borcherds 
superalgebra, or optimally, a unified construction of both. However, such a construction still 
remains to be found. 

The fact that there are infinite-dimensional algebras that arise naturally in supergravity the¬ 
ories raises the question of whether they continue to be relevant in the presence of string theory 
corrections, and if so, in what way. In this paper we have shown that hierarchies of forms extend 
naturally beyond the spacetime limit, and that even without higher-order corrections, there can 
be non-zero field-strength forms with degree {D + 2). In [33] it was argued that one could expect 
there to be higher-degree forms that will be turned on in the presence of first-order a! corrections 
in half-maximal D = 3 theories. So if these algebras remain relevant one would certainly expect 
there to be non-zero forms with higher and higher degrees as the powers of a' are increased. It 
might also be that the algebras themselves are deformed by a' corrections. We certainly know 
that this happens in the presence of anomalies, for example in D = 11 [97], or in the heterotic 
and type I string theories in D = 10, but it might be the case that such corrections are more 
commonplace. Moreover, in the presence of non-perturbative effects, one expects the continuous 
duality symmetries to be replaced by discrete ones, although this in itself does not rule out the 
possibility that these extended algebras remain relevant. 
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A Maximal form spectrum 


Below we list, up to l = D + 1, the representations Tig of the duality group 0 = Ch-d that 
the potential forms of degree t transform under in D-dimensional maximal supergravity. As we 
have discussed in the paper, these can be obtained by decomposing the corresponding Borcherds 
superalgebra B (see Table 1) with respect to the subalgebra 0 = c u-d- The multiplicities of 
the representations in the tables are equal to one if not written out explicitly. 
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D = 8 : 
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D = 5 : 
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D = 3 (continued) : 
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B Half-maximal Bianchi identities 

Universal sector 

As we saw in section 3, there is a universal set of forms in half-maximal theories with D > 4. 
This consists of the two-form field-strengths F .^, their duals F(f_ 2 - the three-form field-strength 
of the supergravity two-form potential, F;$. and its dual Td_ 3 , as well as the higher-degree forms 
they generate. 
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The basic Bianchi identities are, for D > 4: 


dF? 1 = 0 , dF 3 = F 2 -F 2 , 
dF D _ 3 = 0 , dFg_ 2 = F d _ 3 F^ . 

At level (D — 2) we have 

dFo -1 = Fd -2 • F 2 — Fd- 3 F 3 , 
dF MN = 2F [ ^ 2 Ff ] , 

at level ( D — 1 ) 

dFtf = F^(F 2M - F^ 2 F 3 + F D _ X F^ , 

dF MMV = 3F WM f V] , 

at level D 

dFjj+i = Fj^F 2M — Fd-iF 3 , 

dFgtf = F^ Mv F 2V + 2 F^F^ - F^iF 3 , 

di? ^Q = 4F IMMV F Q] s 

and at level (Z) + 1), 

^+2 = + F D+1 F, M - F^F 3 , 

J 77 A4MV rpJ^lAfVQ 77 _i_ q rifA^A/’ 77 ‘P] rpA4J\fV rp 

at D+2 ~*D+1 ^2 Q + ^D +1 ^ 2 ^3j 

j rpA'tJ^f'P QJZ r 77 [-MA/"T 5 Q 77 ^] 

ar D+2 ~ or D +1 r 2 ' 


(B.l) 


(B.2) 


(B.3) 


(B.4) 


(B.5) 


In the following sections we give the Bianchi identities for all of the additional forms in D > 4 
as well as those for D = 4. The representations (although not the Bianchi identities) up to level 
D were given in [10] (for n = 0). Here we include the first OTT level (D + 1) as well. In the lists 
of representations the Young tableaux are taken to be irreducible, i.e. traces removed, whereas 
in the Bianchi identities the tableaux occurring as subscripts denote symmetry type and include 
traces. We distinguish such tableaux by hats. 


D = 8,9 

In these two dimensions there are additional OTT forms at level (D + 1). In D = 9 we have 

dF\ i = FqFq , (B.6) 

while in D = 8 we have 

dFf$ = F 5 F^ . (B.7) 


44 



D = 7 


The full set of extra forms in D = 7 is given by a singlet at level (D — 1) = 6 , a vector at level 
D = 7 and a singlet and two-form at level (D + 1) = 8 . The Bianchi identities for these forms 
are 


dFj = F 4 F 4 

dFg 4 = F 7 F.y - Fi A F A 
dFg = Fg ■ F 2 — F 7 F 3 + F(jF A 

dF MM = 2F\ M Ff ] + F^Ff . (B. 8 ) 


D = 6a 


In D = 6 a, Fp -3 is another three-form which we denote F$, with dF% = 0. The additional forms 
consist of a vector at level (D — 1) = 5, forms in the representations 1 + 1 + 0 + m at level 
D = 6, and in the representations 4.□ + 2.[j| + [p at level (D + 1) = 7, the tableaux being taken 
as irreducible, i.e. traces removed. The Bianchi identities are: 


dF'\? = F 3 F 4 4 
dF ' 7 = Fq ■ F 2 + F 5 F' 


dF= 2 F'^Fp 


? MAf 


F'-\ 


dpMN' _ 2pdFi pAf) _ F^F^ 


dF' 
dF,l 


MAfV 


— a(F 7 

= {F' 7 


AMN „V] 




[MAT „V] 


FP) + b{FP Mv F ' 3 + 3 F, 


AMAf j-tPh 


1 pH _ 2 p-^ _ 


BP 


dF'P = Fr^Fn 


dF"P = a [F' 7 F -2 m + F'PNF 2M + 


F M F ' :i _ ppp. 


+ b (f 7 mM F 2X + F’P M F 2N + F^F ' 3 - 2 F'PF 3 + F b FP) 
+ c (f’ 7 fP + 2 F"P M F 2M + Fp 1 F 3 - 2 F'PF 3 + F 3 F^ - 


(B.9) 


Here, the (double) primes are used to denote new forms in representations that are already 
present in the standard set, and the tilde to distinguish a symmetric two-index representation 
(not traceless). The mixed symmetry three-index F is not traceless, and there are three solutions 
to the last Bianchi identity, corresponding to the parameters a,b,c, one of which is the trace of 
the mixed symmetry one. There are thus four new vectors at level seven as well as the vector 
in the universal set. 
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D = 5 


In five dimensions Fjj —3 = F 2 , so that all the forms are generated by the level-one set in this 
case. The new forms in D = 5 are: at level (D — 1 ) = 4, g; at level D = 5, 2.n + EP + §! and at 

level (D + 1) = 6 , EE3 + 2.] + [jp + EP + 2.m + 3. g + □ + 3.1. The Bianchi identities for the 
forms are: 


new 


dF; 


dFc 


'AAAf rpAdAf rp TP-M zpA/* 
5 = ^4 ^2-^3 ^3 

'AA.Af'P _ 

5 2 5 


dF, 


mm,v 


__ ^pMM pP pMM pV^ 


?[MM „V] 


MM t?V\ 


6 

dF 6 M 


F 


= Fi 


MM 


F 2M - 2FMF 2 + F^F :W + 2F 4 Ff 4 


? MMj 


dF- 


<A4AfV ,Q fjpA4Af'PjpQ ilQ-ljp'P] 


jpA4J\fV jpQ 
5 3 


dF: 


MMVQ 


7 


= 0 Fi 


?MMVQ 1 


6 l F 2 — 4F 5 ,3 


[MMV P S] 

■F Q 


3 F JXA / ' j pPQ ] 'j 


+ 6 ( fI mmv f fi + f 5 [ ^f 3 s] - F 4 ^Ff 2] ) 

d pMM,VQ = f^F^’^F^ + 2Fs Q ’ [M Ff ] + Ff^Fp s ) 


ffl 


dF; 


MM,V 


7 


dF^ H 


= F f 


7 mm,v 


Fo - Fz 


MM pV 


F 


= a 


2 F^ M Ff ] 


j-'Ml'P jpM 


FO 


+ MF 


jpV(MjF) 


dF'A 1 * 


,pF 


= a (4F ( J' M F^ J 


F 2 v — — F) 


MV rpM 


F£ v - F 6 


V(M rpM) 


F 

,V r 2 


3 F MMVp w + bF MMp 2 _ 


2 p\ M Ff ] 

+ b ( 4 Fl mv \ v F^ 


2 Ft 


MMV ; 


5 F 3V - 2F 5 


AAAf 


3 F MMVp 2v 


rpA4Af zp 
6 ^ 2 - 


2 F 5 [ - A/( Kj v ’ ] + 

+ c ( 2 F^' V F 2V 


2 F MMV F;}v __ 2 F MM Fs 


^ M F a 


pMMV 
6 


F. 


2V 


pMM 


F> ~ 2 Ft 


[Mj^M] 


F^-2F 5 


MM 


F 3 + F, 


MM 1 


dF 7 = a[ FqF 2 - F^F 3M - =-F 4 ■ F a - ^F 4 F 4 


1 


1 


J 


+ b ( F e ■ F 2 + 2F 5 ■ F 3 + -Fa • F 


+ c I F^ v v F 2M - -F 4 • F 


1 


(B.10) 
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Only one of the three singlets in the last Bianchi identity is independent, the other two being 
related to the trace of F^^ r and the double-trace of p^^FQ^ ^he single seven-form in the 
vector representation of the duality group is the trace of . 


D = 4 


In D = 4 the supergravity two-form can be dualised to a second scalar which goes together with 
the dilaton in the coset U(1)\SL{2, R). The duality group is therefore SL( 2, R) x SO(k, n + k), 
and the forms carry indices for both groups. As in D = 5 all of the forms are generated by 
the level-one set which consists of two-form field-strengths Tlj r ■> where r = 1,2 is an SL( 2,R) 
doublet index. At level three the forms fall into the (SL(2, R), SO(k, n + k)) representations 
(2, □) + (2,[j|). At level four the representations are (3, l) + (3, g 111 ) + (3,1) + (l,[jP) + 2.(1. 0). 
Up to level four the Bianchi identities are: 

dF^ r = 0 

dpMAT = pM^pMr 


dFI s = F^F 2M t 


dpM" = pMN 


rs t?M 


F2x r -n°Fi 


^pJVlJ\f'Pr _ p \ MM jpP | r 


(IF: 


MMVQ,rs 


= 4 F 


[MMV(rpQ\s) 


5 ~ 4 2 

<MMV,Q = ^pMMVrpQ 


3 F p* F p a ) 


dpJ^N ’ rs __ 2p[^( r p-^ s ^ _)_ p-MNV(rp s) pMAfprs 


dp^^ 2 p[^ r p^^ pMVpM 


3 V 


dF£ s = 2 Fp r F 2M 


s ) 


F?F; 


3 t ■ 


(B.ll) 


The second five-form in the (1,0) representation is the trace of the mixed-symmetry five-form. 
At level five the forms in the 4 of SL(2, R) fall into the representations □ + [j| + : of SO(k, n + k ) 
and have the following consistent Bianchi identities: 


dF, 


\A4rst 


= 2 f; 


MM(r 


6 - ^'5 ^2AT 


t) 


p(. rs pMt) pM(rpSt) 


dpMAfV pMM'PQ,( rs p^ t ) p / 7 1 MM ( r .s pP | t ) pAAJ\fT > (rpSt) 


dF, 


6 

'MMVQIZrst 
6 


= K 


2Q 

[MMPQ,(rs +lZ\t) 


(B.12) 


There are also forms in the 2 of SX(2,R). Their SO(k , n + k) representations are 3.a + 3.g + p 
and 2.0 11 + IjP + E0. The Bianchi identities for the first set are: 
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1 _~= 3 rWr t?J 

- -i 1 4 ^3 AT - *4 


dF 6 Mr = a\Ft M ' ra Fu f , + - 2 

+ b (f^F^ + Fl*E“ 8 - Ff r F.^ - - 


F^F-l s - - 


,, l F MXVr F ^ 




l F MNVr F? ^ 




+ c(jTV'w' ■ 2 - 

-pMN’Vr 2 ^MMTQrsj? ^Q[MAf p V]r 

6 =a K.5 1 2 +3^5 ^ 2 Qs T -Tg g-^2 


^ rpMMVs j-ir T-r[.A4r j-yM'P] 7 -,AtA/jQ|r 7 -^] \ 
3^4 ^3s“^4 ^3 ^4 -^3 Q) 

+ 6 -3 F® IMM qF P 

5 F MMPs F r + 3 F [Mr F AfT] + 3 F MAf\Q\r F V] 

6 2 2 

+ c ^F 5 MMVQrs F 2Qs - 3F^ [MM Q FP r + 1 f\ 

1 j-iA4J\fT > QTZr 77 [ -44A r 'P Qrs j^ R | -_> t^Q7\ | 

ar 6 — r 5 r 2s + c>r 4 ^3 > 

while those for the second set are: 

-pMNQ TpVr , j^MAfQr 77 
^5 ,Q ^2 +-^4 ^3S 


^ J 

3 al 

3 [A4A/lQ|rpP] ^ 

o 4 ^3 S y 


d pMM,Vr = a ^ p MAfQ,V F r Q 

LJ 

b f F -MF' rs ]?'P _ }_p-MJ\fQ pVr _ }_pMAfpPr p'P r p-MN , 

\ 5 2 s o 5 ,Q 2 2 5 ^ 4 3 


-2s 2 J 

F 4 M ^ er «e’’)g3 


F i 

u 

^pM.MVQJZr _ ^ ^pM-NVQrsplZ _g^[- / ^A/*7 ? ,|7?.|^,Q]r ^ ^^[•A / tA/"7 :> r^,Q]7^.^ 

^j^A4J\f'P iIZSt _ ^2 j-pS\r _ piAAAf'Prjp'R.S'^ 


(B.13) 


(B.14) 


Although the traces in these representations are non-zero no additional ones to those listed in 
the text are present. 


D = 3 

Finally, in D = 3, the vectors can be dualised to scalars. This implies that the level-one forms 
should be in the adjoint representation of the duality group rather than the vector representation, 
i.e. we have F^F j n the £] representation; the entire set of forms is generated from these. Up 
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to level three the consistent Bianchi identities are: 


dpMAT = q 

d pMMVQ = 3 F ^ MAf F BQ] 

j _ taMV zt'A/* 

ar 3 — t 2 ^2 V 

ii 7 MAfVQn,S _ /r AMMVQj^S, 
at ^ — (5-^3 1 2 

^ A4Af'P , Q _ / pAiJ\fV pQ^ QpQ\M pNv\ 

4 y 3 7?. 2 3 2 J g~i 

= 2 F^ M v F^ )V . (B.15) 


The tableaux subscripts here represent symmetry type and include the trace representations 
^ and 0 respectively. The last form is symmetric traceless. The representations for level four are 
given in [33]. 


C Extended superspace 

In this appendix we reformulate maximal supergravity theories for 3 ^ D ^ 9 in extended 
superspaces, that is, superspaces with additional even co-ordinates that correspond to “central” 
charges in the supersymmetry algebras. The number of these charges is equal to the dimension 
of the TZ\ representation. 14 The additional co-ordinates will be denoted , and we shall assume 
that the structure group for the extended superspace is still the product of the relevant spin 
group and R-symmetry group H. The basis forms will be denoted E— := ( E A ,E - 4 ), where 
A denotes the representation TZ\ considered as a representation of H. In this space we have 
torsion and curvature but no additional forms, at least for the moment. We make the following 
assumptions: 

1. T a and Ra B are unchanged from the standard superspace. 

2. The non-zero components of T A are Tab C and Tab C ■ 

3. All fields are annihilated by V^. 

In addition the curvature RjC is the same as the R-symmetry part of Ra B , i.e. the R-symmetry 
curvature in the representation 1Z\. The key new Bianchi identity is 

DT a = E b R b a . (C.l) 


The (ABC) component of this is 

2 ^aTbc V + T AB E Tec D + T A b £ T £ c V = 0 , (C.2) 

{ABC) 

14 D = 4, N = 8 supergravity was formulated this way in [98, 42], see also [99]. 
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where the sum is graded cyclic. Defining F a = \E C E b T B c A an d the one-forms Pa B = 
E C T C a B , we see that this can be rewritten as 

DF a = F b P b a (C.3) 

in ordinary superspace. The (ABC) component of (C.l) is 

2 V [A Tb]c V + Tab E T E c V - 2 T [m £ T m v = R ABfi v . (C.4) 

To interpret these equations we recall that the scalars in conventional superspace are given by 
a matrix V that transforms under global G and local H transformations by V —» The 

Maurer-Cartan form dW~ l splits into an ll-valued component Q , which we identify with the 
internal part of the connection, and a quotient f)\g-valued component P. The Maurer-Cartan 
equation, resolved into isotropy and quotient algebra components, reads 

R = -P 2 , DP = 0 , (C.5) 

where R is the t) curvature. Let us take V to be an element of G in the IZi representation, so in 
indices we write Va M ■ We then have DP A B = 0 and 

Ra B = -Pa C Pc B ■ (C.6) 

The two-form field-strength F M obeys a trivial Bianchi identity, but if we define F A : = 
F m (V~ 1 ) m A we recover (C.3) while (C.4) can be rewritten as 

Ra B + DP a B + Pa C P B = 0 • (C.7) 


This is equivalent to the two equations in (C.5) because R is !)-valued and P takes its values in 
the quotient. If we let M denote all of the coordinate indices in the extended superspace we can 
see that the “sehrsupervielbein” Em— has the form 


Em A = 


E m a A m m E m a 
0 E m A 


(C.8) 


where we identify E_m A with (V 1 )m A i an d where Am M 


is the level-one potential. 


D Borcherds and contragredient Lie superalgebras 

In this appendix we give the general definitions of Borcherds and Kac-Moody (super)algebras as 
special cases of contragredient Lie (super)algebras (the definitions in the literature vary slightly). 
We explain how general Borcherds and contragredient Lie superalgebras are constructed from 
their Cartan matrices, and introduce the V-diagrams, which in turn completely specify the 
Cartan matrices that we consider in this paper. 

For any real (r x r) matrix Bjj (/, J = 1, 2,..., r) and any subset S of the set R = {1,2,...,?’} 
one can construct a Lie superalgebra B generated by elements ej, fj and hj modulo the Chevalley 
relations 

[hi,ej] = Bjjej , [hi,fj] = -Bjjfj , [ei,fj] = Sijhj , (D.l) 
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where the Chevalley generators ej and // are both odd if I e S, and both even otherwise. 
It follows that the Cartan elements hi = [e/, //] are all even and commute with each other, 
\hi,hj\ = 0, spanning an abelian Cartan subalgebra H cz B. The contragredient Lie superal¬ 
gebra B of rank r associated to the Cartan matrix Bij is then obtained by factoring out from 
B the maximal ideal Z that intersects Li trivially, B = B/Z [100, 101]. The contragredient 
Lie superalgebra B is a Borcherds superalgebra if the Cartan matrix Bu is non-degenerate and 
symmetric with non-positive off-diagonal entries such that 2 Bjj/Bji e Z if Bn > 0, and fur¬ 
thermore 2 Bij/Bji e 2Z if in addition I e S [102, 103, 104], 15 A Borcherds superalgebra B is a 
Kac-Moody superalgebra if Bn > 0 for all I e R. 

If S is empty the Lie superalgebras defined here reduce to their Lie algebra analogues: con¬ 
tragredient Lie algebras, Borcherds algebras and Kac-Moody algebras [105, 106, 107]. From the 
Cartan matrix Ajj of a Kac-Moody algebra A we can obtain another matrix with all diagonal 
entries equal to 2, by multiplying the row I in Ajj by 2 i / An- The resulting matrix defines a 
contragredient Lie algebra isomorphic to A but unlike Aij it is not necessarily symmetric. Usu¬ 
ally this matrix is referred to as the Cartan matrix of a Kac-Moody algebra A, and the matrix 
Ajj that we here call the Cartan matrix of A is then called the symmetrized Cartan matrix. 
Accordingly, the Borcherds or Kac-Moody (super)algebras that we consider are assumed to be 
symmetrizable. 

The Kac-Moody algebras A that we consider furthermore have Cartan matrices such that 


min 




(D.2) 


is equal to either zero or one. Any such Cartan matrix can be described (up to isomorphisms of 
A) by a Dynkin diagram consisting of r nodes (where r is the rank of A) and 


max 




(D.3) 


lines connecting node I and node J, with an arrow pointing at node I if An < Ajj. In addition 
to these conventional rules, we also distinguish between the two cases An = 1 and An = 2, the 
only cases that appear for Cartan matrices of Kac-Moody algebras in this paper, by painting 
node I black if An = 1, and keep it white if An = 2. 16 Up to isomorphisms, this painting 
does not give any more information about the Kac-Moody algebra A than what is already given 
by the number of lines between the nodes and the direction of the arrows. However, it fixes 
the overall normalization of each indecomposable block of Ajj, which is important when we 
label the nodes by V-degrees and consider the Dynkin diagram as a V-diagram of a Borcherds 
superalgebra, as will be explained below. 

If B is a Borcherds superalgebra, then the ideal Z of B is generated by the Serre relations, 
which are 


(ad ei ) l ~ 2BljlBlI {ej) = (ad//) 1-2B/J /' B// (/j) = 0 (D.4) 

15 Borcherds superalgebras are also known as Borcherds-Kac-Moody (BKM) superalgebras or generalised Kac- 
Moody (GKM) superalgebras. 

16 This should not be confused with the use of black nodes in for example [3, 10, 35, 36, 37]. 
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for Bn > 0 and / A ,7. and 


[ej, e -j] = [Ii- fj] = 0 (D.5) 

for Bjj = 0 (including the case I = J). The condition that the integers 2 Bjj/Bjj be even for 
Bjj > 0 and I e S is needed for (D.4) to generate an ideal that intersects the Cartan subalgebra 
R trivially in that case. 

A nonzero element /3 in the dual space 7-L* of the Cartan subalgebra T~L of a contragredient Lie 
superalgebra B is a root if there is a nonzero element ep in £>, such that [h, ep\ = j3{h)ep for all 
h e 'H. This element ep is then the corresponding root vector. The Cartan matrix Bjj defines 
a basis of T~L*, consisting of simple roots /3i, by f3i(hj) = Bjj. Thus in particular the Chevalley 
generators ej and fj are root vectors corresponding to the simple root /?/ and its negative — /3/, 
respectively. Accordingly the simple roots can be divided into even and odd ones. If the Cartan 
matrix Bjj is symmetric it also defines an inner product in R*, given by (f3i,/3j) = Bjj , so that 
the diagonal value Bn is the length squared of the simple root /?/. 

Any contragredient Lie superalgebra B that we consider in this paper has a symmetric Cartan 
matrix Bjj and is equipped with a map v : R —> Z such that the subset S and its complement in 
R are mapped to odd and even integers, respectively. The map v induces a consistent Z-grading 
of B given by e/ e B v m and fi £ This is a decomposition of B into a direct sum of 

subspaces Bk for all integers k such that [£>,;, Bj\ <= £>&, and Bp- consists of even or odd elements 
if k is an even or odd integer, respectively. The map v also induces a linear map v : Ti* —* Z 
given by v(/3j) = v(I). Following [35, 37] we call the integer v(I) the V-degree of the simple root 
fli and we denote it simply by vj. Furthermore, the Cartan matrix Bjj of the contragredient 
Lie superalgebra B can in all cases that we consider be obtained from the Cartan matrix Ajj 
of a corresponding Kac-Moody algebra A of the same rank r, equipped with the same map 
v : R —> Z. The Cartan matrices of B and A are then related by 

Bij = A u - w(v!,vj) , (D.6) 

where w is a symmetric map w : Z x Z —> Z defined by w(a, b ) = a(b + 1) for 0 ^ a ^ b and 
w(—a, b) = w(a, ~b ) = — w(a , b ). For example, in the simply-laced case, simple roots of V-degree 
+ 1 are odd null roots of B, whereas simple roots of V-degree zero remain even and of length 
squared equal to two when we go from A to B. If only one of the simple roots has a nonzero 
V-degree, then the off-diagonal entries of the Cartan matrix remain unchanged. If the nonzero 
V-degrees are all positive (or all negative) then the off-diagonal entries of the Cartan matrix 
remain non-positive, and B is a Borcherds superalgebra. 

According to (D.6) the Borcherds superalgebra B can be completely specified by drawing the 
Dynkin diagram of A and labelling the nodes by the V-degrees of the corresponding simple roots. 
We call the result a V-diagram of B. It describes B very efficiently, but one must bear in mind 
that two disconnected nodes in the V-diagram actually correspond to a nonzero off-diagonal 
entry in the Cartan matrix of B if both V-degrees are nonzero. 

A fundamental Weyl reflection with respect to a simple root fdj of a contragredient Lie algebra 
B with nonzero length, (/3j, fdj) A 0, is a linear transformation of 7~L* given by 

(D - 7) 
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for any simple root /?/. It is easy to see that a fundamental Weyl reflection is indeed a reflection 
and thus preserves the inner product in T~L* and leaves the Cartan matrix of B invariant. If 
{PjiPj) =/= 0 there is no fundamental Weyl reflection with respect to Pj, but if in addition /3j is 
an odd root, then there is a generalised Weyl transformation [108, 109] given by 


Pi 


-Pi 
Pi + Pj 
l Pi 


if I = J , 

if I i=- J and Bjj =£ 0 , 
if I i=- J and Bjj = 0 . 


(D.8) 


for the simple roots, and extended to the whole of W* by linearity. The generalised Weyl 
transformation does not preserve the inner product in B*, but maps the basis of simple roots 
to another one, corresponding to a different Cartan matrix. In particular, if we start with a 
Cartan matrix of a Borcherds superalgebra, and the second case in (D.8) appears, then the new 
Cartan matrix will have positive off-diagonal entries and thus no longer satisfy the conditions 
for a Cartan matrix of a Borcherds superalgebra (but still those for a Cartan matrix of a 
contragredient Lie superalgebra). As before we can describe the different Cartan matrices by 
V-diagrams. Any node labelled by V-degree vj = 1 or vj = — 1 corresponds to an odd null root 
Pj, and thus to a generalised Weyl transformation. Since we consider v as linear map from B* 
to the integers, the generalised Weyl transformation also changes vj = v(Pj) to v(~Pj) = —vj. 
This is how the different V-diagrams of the Borcherds superalgebra T> in Table 1 are obtained 
from each other. 
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